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Abstract

Finite-element modelling of bridge girders using two-dimensional elements can capture both global buckling
of the member and local buckling of the web and flange panels. This broad modal response may, however,
make it difficult to identify the first critical mode attributable to global lateral-torsional buckling, because the
lowest eigenvalues may correspond to local cross-sectional deformations. In this context, a preliminary and
independent estimate of the order of magnitude of the global lateral-torsional resistance provides a useful
reference for classifying the eigenmodes and interpreting the numerical results.
This paper therefore proposes a simplified, conservative parametric procedure for the preliminary assessment of
lateral-torsional buckling in steel I-section bridge girders, with particular reference to monosymmetric welded
girders used in twin-girder and three-girder steel–concrete composite decks during slab casting. During this stage,
the slab does not yet act compositely and the steel girder must be checked under permanent and construction
actions, accounting for the unrestrained length against lateral-torsional buckling, the load application level and
cross-sectional monosymmetry.
The proposed formulation is calibrated against the complete EN 1993 procedure, based on the determination
of the elastic critical moment Mcr, the lateral-torsional slenderness, the reduction factor χLT and the design
buckling resistance moment Mb,Rd. The calibration is derived from a statistical parametric study of welded
bridge-girder sections covering both usual and boundary geometric domains. It also includes Class 4 sections
evaluated using effective properties, configurations with longitudinal stiffeners, Saint-Venant torsional and
warping stiffnesses, and the position of the load relative to the shear centre.
The procedure does not replace a full code-based verification or advanced numerical modelling. Rather, it
provides a rapid tool for preliminary design and checking, enabling the expected level of global lateral-torsional
resistance to be estimated, potentially critical configurations to be identified, and local buckling modes to be
distinguished from global ones. The paper also compares the EN 1993 formulation, linear elastic eigenvalue
analyses performed with LTBeamN© and finite-element models developed in LUSAS©. These are treated as
complementary tools for interpreting differences between the code-based approach, the global elastic model and
the detailed numerical representation.

Keywords: Lateral-torsional buckling, steel girders, I-sections, elastic critical moment, Eurocode 3, simplified
formulae, LTBeamN, LUSAS, GPI Ingegneria

Introduction

The lateral-torsional stability of steel bridge girders
is particularly important during temporary construc-
tion stages, when the concrete slab has not yet devel-
oped composite stiffness and the steel girder behaves
as an open-section member that is generally not con-
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tinuously laterally restrained. In this configuration, the
compression flange may not be adequately restrained
out of plane, and the verification must account for the
unrestrained length between torsional restraints, the
bending-moment distribution, the load application level
and cross-sectional monosymmetry.

This paper proposes an operational framework for
the preliminary sizing and verification of welded steel
I-section bridge girders, with particular reference to
twin-girder and three-girder steel–concrete composite
decks during slab casting. The formulation does not re-
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place a full code-based verification, but aims to establish
a concise relationship between compression-flange ge-
ometry, the unrestrained length against lateral-torsional
buckling and the lateral-torsional resistance evaluated
through the Eurocode 3 verification sequence.

The elastic critical moment for lateral-torsional buck-
ling, denoted by Mcr, and the EC3 design resistance
to lateral-torsional buckling, denoted by Mb,Rd, are ex-
plicitly distinguished throughout. This distinction is
essential: the elastic critical moment is an elastic sta-
bility quantity, whereas the design verification requires
the evaluation of the lateral-torsional slenderness, the
reduction factor χLT and the partial resistance factor
γM1.2

1. Derivation of the elastic critical moment
for lateral-torsional buckling

Consider a prismatic steel beam with a thin-walled open
cross-section, subjected to major-axis bending. The
derivation is developed within the linear elastic theory
of thin-walled members, assuming small displacements,
small rotations, a homogeneous, isotropic material, no
initial imperfections and a cross-section that remains
undeformed in its own plane. Let s be the longitudinal
coordinate of the beam, with:

0 ≤ s ≤ L

Let y and z be the principal centroidal axes of the cross-
section, with y the major axis and z the minor axis.
The primary bending occurs about the y-axis, while
lateral-torsional buckling involves the lateral displace-
ment associated with the stiffness EIz and the torsional
rotation of the cross-section. The kinematic functions
are introduced as:

u = u(s)

φ = φ(s)

where u(s) is the lateral displacement of the shear centre
and φ(s) is the torsional rotation of the cross-section
about the longitudinal axis of the beam. The elastic
cross-sectional properties involved in the problem are:

· Iz, second moment of area about the minor axis
[L4];

· Iy, second moment of area about the major axis
[L4];

· It, Saint-Venant torsion constant [L4];

· Iw, warping constant [L6];

· E, Young’s modulus [F/L2];

2This paper adopts γM1 = 1.10 for the stability verification of
steel bridge members, in accordance with the value recommended by
UNI EN 1993-2:2007, Eurocode 3 – Design of steel structures – Part 2:
Steel bridges, Section 6.1, for member resistance to buckling, unless
otherwise specified by the applicable National Annex.

· G, shear modulus [F/L2].

The quantity sought is the critical value of the bend-
ing moment, denoted by Mcr, at which the straight
configuration loses stability and a non-trivial deformed
configuration becomes possible:

u(s) ̸≡ 0, φ(s) ̸≡ 0

The problem is therefore an eigenvalue problem in
which the eigenvalue is the critical bending moment.

1.1. Coupled elastic equations

For thin-walled open sections, the internal torque is the
sum of the Saint-Venant uniform-torsion contribution
and the non-uniform torsion contribution associated
with warping. Hence:

Mt = GIt
dφ

ds
− EIw

d3φ

ds3

The first term:
GIt

dφ

ds

represents Saint-Venant uniform torsion, whereas the
second term:

−EIw
d3φ

ds3

represents the contribution due to non-uniform warping
of the cross-section. The torsional rotation φ(s) changes
the local orientation of the cross-section and projects the
primary bending moment onto the minor axis. Under
small-displacement and small-rotation conditions, the
destabilising component is proportional to the product
of the bending moment and the torsional rotation. The
lateral-bending equilibrium can be written as follows
(first-order treatment with tanφ ≈ sinφ ≈ φ):

EIz
d2u

ds2
+M(s)φ = 0

Torsional equilibrium in the perturbed configuration
must also account for the contribution of lateral curva-
ture to torsion. Linearisation gives:

EIw
d4φ

ds4
−GIt

d2φ

ds2
+M(s)

d2u

ds2
+ Gzg,zj [φ] = 0

The term Gzg,zj [φ] represents the geometric contribu-
tion associated with the load application level relative
to the shear centre and with cross-sectional monosym-
metry. It vanishes in the elementary case of a doubly
symmetric section loaded through the shear centre.

1.2. Fundamental case with uniform moment and
load applied at the shear centre

In the fundamental case, M(s) = M is assumed and
initially Gzg,zj [φ] = 0. The lateral-bending equilibrium
gives:

d2u

ds2
= − M

EIz
φ
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Substitution of this relation into the torsional equilib-
rium yields a single differential equation in φ(s):

EIw
d4φ

ds4
−GIt

d2φ

ds2
− M2

EIz
φ = 0

For fork supports at the ends, the first critical mode may
be assumed as:

φ(s) = φ0 sin
(︂πs
L

)︂

Hence:
d2φ

ds2
= −

(︂π
L

)︂2
φ

d4φ

ds4
=
(︂π
L

)︂4
φ

Substitution into the preceding differential equation
gives:

EIw

(︂π
L

)︂4
φ+GIt

(︂π
L

)︂2
φ− M2

EIz
φ = 0

Since a non-trivial solution is sought, it must satisfy:

φ ̸= 0

Therefore:

M2

EIz
= EIw

(︂π
L

)︂4
+GIt

(︂π
L

)︂2

Multiplying by EIz gives:

M2 = EIz

[︃
EIw

(︂π
L

)︂4
+GIt

(︂π
L

)︂2]︃

The elastic critical moment in the fundamental case is
therefore:

Mcr =
π

L

√︃
EIzGIt +

π2E2IzIw
L2

The same relationship may be rewritten as:

Mcr =
π2EIz
L2

[︃
Iw
Iz

+
L2GIt
π2EIz

]︃1/2

This expression is the elastic core of lateral-torsional
buckling theory for open-section beams: the first term
under the square root represents the warping contribu-
tion, while the second represents the contribution from
uniform torsion.

1.3. Introduction of effective lengths

In practical applications, the end-restraint conditions
may differ from ideal fork supports. Two effective-length
factors are therefore introduced:

· k, associated with the lateral buckling mode;

· kw, associated with warping restraint at the mem-
ber ends.

The effective lateral length is taken as:

Lb = kL

By contrast, the warping contribution is adjusted
through the ratio: (︃

k

kw

)︃2

The fundamental elastic expression therefore becomes:

Mcr =
π2EIz
(kL)2

[︄(︃
k

kw

)︃2
Iw
Iz

+
(kL)2GIt
π2EIz

]︄1/2

This relationship still refers to a load applied through the
shear centre and to a section unaffected by monosym-
metry.

1.4. Effect of load application level and monosym-
metry

When the transverse load is not applied through the
shear centre, its line of action introduces an additional
geometric term. Define (Fig. 1):

zg = za − zs

the distance between the load application point and the
shear centre, where za is the coordinate of the load appli-
cation point and zs is the coordinate of the shear centre.
For monosymmetric sections, the asymmetric distribu-
tion of the cross-sectional properties introduces a further
geometric term, denoted by zj , associated with coupling
between lateral bending and torsion. This quantity must
be evaluated using the same sign convention adopted
for zg and for the parameter ∆ = C2zg −C3zj . In accor-
dance with the convention used for the elastic critical
moment, the z-axis is taken as positive towards the
compression flange at the section of maximum moment
(see Fig. 1). The monosymmetry parameter is defined
generally as:

zj = zs −
1

2Iy

∫︂

A

z
(︁
y2 + z2

)︁
dA

where zs is the coordinate of the shear centre relative
to the cross-sectional centroid, evaluated using the sign
convention shown in Fig. 1, and the integral extends
over the entire cross-sectional area. For a doubly sym-
metric section, the shear centre coincides with the cen-
troid and the integral contribution vanishes by symme-
try; therefore:

zj = 0.

For welded I-sections, neglecting the web contribution
to the integral and concentrating the dominant contri-
bution at the centroids of the two flanges leads to the
approximate expression:

zj ≃ zs −
1

2Iy
(zf,supIy,sup + zf,infIy,inf) ,
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where zf,sup and zf,inf are the signed coordinates of
the centroids of the two flanges relative to the cross-
sectional centroid, while Iy,sup and Iy,inf are the contri-
butions of the respective flanges to the global second
moment of area about the centroidal y–y axis of the
complete section (Iy,f = I

(c)
y,f +Afz

2
f ):

Iy,sup =
bsupt

3
sup

12
+Asupz

2
f,sup,

Iy,inf =
binft

3
inf

12
+Ainfz

2
f,inf .

where I(c)y,f is the second moment of area of the individ-
ual flange about its own centroidal axis parallel to y–y.
Therefore, Iy,sup and Iy,inf are not merely the centroidal
second moments of area of the flanges, because they
also include the corresponding parallel-axis terms. In
this approximate expression, the coordinates zf,sup and
zf,inf must likewise be defined with the z-axis positive
towards the compression flange.

An alternative practical expression relates the
monosymmetry parameter to the distance between the
flange centroids and to the flange-distribution coeffi-
cient:

βf =
Iz,sup

Iz,sup + Iz,inf
,

where Iz,sup and Iz,inf are the second moments of area

of the upper and lower flanges alone about the minor
z-axis. For a monosymmetric section, their parallel-axis
terms vanish (ey,f = 0):

Iz,sup =
tsup b

3
sup

12
, Iz,inf =

tinf b
3
inf

12
.

Defining:

hf = h− tf,sup + tf,inf
2

as the distance between the centroids of the two flanges,
the following operational estimates may be used:

zj ≃ 0.41hf (2βf − 1) extforβf > 0.5,

zj ≃ 0.55hf (2βf − 1) extforβf < 0.5.

These relationships are intended solely as preliminary
estimates and are not used in the computational engine
developed in this study. Only the convention shown
on the left-hand side of Fig. 1 is adopted hereafter:
the z-axis is positive towards the upper compression
flange and the parameter is calculated by integrating
over the entire cross-section, zj = zs − Jint/(2Iy).
Under this convention, a negative value of zj in-
creases ∆ = C2zg − C3zj and produces a destabilising
contribution, whereas a positive value reduces it.

Compressa

C

C

T

T

Tesa
z

z

y yG

G baricentro geometrico
S  centro di taglio

S S

G

Figure 1. Sign conventions for zs (coordinate of the shear centre relative to the geometric centroid G), za (coordinate of the load application point
relative to G) and zg = za − zs. Only the convention shown on the left is adopted in this paper: the local z-axis is positive towards the upper
compression flange; the same orientation is used in the integral defining zj . Figure adapted from [25]

A compact formulation often used for monosymmetric
I-sections is:

zj ≃ 0.90hs (2βf − 1)

(︃
1− Iz

Iy

)︃
,

where hs is the distance between the flange centroids.
For slender I-girders, for which generally Iz ≪ Iy, the
term (1− Iz/Iy) is close to unity. Using the approxi-
mate relationship between shear-centre position and

flange-inertia distribution, the same estimate can also
be expressed as:

zj ≃ 0.90 zs

(︃
1

βf

)︃(︃
1− Iz

Iy

)︃
.

The preceding relationships are operational approxima-
tions and may be used only provided that consistency is
maintained among the definition of βf , the direction of
the z-axis, the location of the compression flange and
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the convention adopted in evaluating zg and ∆. The
effects of load application level and monosymmetry are
combined in the parameter:

∆ = C2zg − C3zj

where C2 and C3 are coefficients that depend on the
load distribution, the bending-moment diagram and the
restraint conditions. The parameter ∆ has dimensions
of length. Positive values of ∆ reduce the elastic critical
moment because the term is subtracted in the final solu-
tion, whereas negative values have a stabilising effect.

1.5. Dimensionless form of the eigenvalue problem

The following auxiliary quantity is introduced:

µ =
Mcr

π2EIz
(kL)2

The following two parameters are also defined:

A =

(︃
k

kw

)︃2
Iw
Iz

+
(kL)2GIt
π2EIz

∆ = C2zg − C3zj

The parameter A collects the elastic contributions from
warping and uniform torsion, while ∆ collects the geo-
metric effects associated with the load application level
relative to the shear centre and with cross-sectional
monosymmetry. Before introducing the coefficient C1,
the characteristic equation of the eigenvalue problem
may be written in quadratic form:

µ2 + 2∆µ−A = 0

The quadratic structure of the equation arises because
the critical bending moment enters the problem both
through lateral-bending–torsion coupling, which gen-
erates the quadratic eigenvalue term, and through the
geometric contribution associated with zg and zj , which
generates the linear term. The solutions of the charac-
teristic equation are:

µ = −∆±
√︁
∆2 +A

The physically meaningful solution is the positive one:

µ =
√︁
A+∆2 −∆

Returning to the dimensional quantity Mcr gives:

Mcr =
π2EIz
(kL)2

[︂√︁
A+∆2 −∆

]︂

Substitution of the explicit definitions of A and ∆ into
the preceding relationship gives:

Mcr =
π2EIz
(kL)2

[︄(︄(︃
k

kw

)︃2
Iw
Iz

+
(kL)2GIt
π2EIz

+ (C2zg − C3zj)
2

)︄1/2
− (C2zg − C3zj)

]︄

Note on the influence of the sign of ∆ on Mcr

Returning to the dimensional quantity Mcr gives:

Mcr =
π2EIz
(kL)2

[︂√︁
A+∆2 −∆

]︂
.

Assuming A > 0 and keeping E, Iz, k and L con-
stant, the dependence of the elastic critical moment
on the parameter ∆ can be examined from the sign
of the partial derivative:

∂Mcr

∂∆
=
π2EIz
(kL)2

(︃
∆√

A+∆2
− 1

)︃
.

Rationalising the expression in parentheses, the
derivative may be rewritten as:

∂Mcr

∂∆
= −π

2EIz
(kL)2

A√
A+∆2

(︁√
A+∆2 +∆

)︁ .

Since, for A > 0,
√︁
A+∆2 > |∆|,

all terms in the denominator are positive and there-
fore

∂Mcr

∂∆
< 0 .

The elastic critical moment Mcr is therefore a
strictly decreasing function of ∆: an increase in
∆ reduces Mcr, whereas a decrease in ∆ increases
Mcr. This conclusion remains valid for negative
values of ∆, provided that A > 0.

1.6. Introduction of the moment-distribution coeffi-
cient

The preceding expressions were derived assuming a
fundamental bending-moment distribution along the
beam. In the general case, the actual moment distri-
bution changes the critical eigenvalue. This effect is
represented by the coefficient C1, which depends on the
bending-moment diagram and the restraint conditions.
Hence:

Mcr = C1
π2EIz
(kL)2

[︂√︁
A+∆2 −∆

]︂

In fully expanded form:

Mcr = C1
π2EIz
(kL)2

[︄(︄(︃
k

kw

)︃2
Iw
Iz

+
(kL)2GIt
π2EIz

+ (C2zg − C3zj)
2

)︄1/2
− (C2zg − C3zj)

]︄

For sections for which the approximation Iy ≫ Iz is not
valid, the general formulation introduces the factor:

g :=

√︄
1− Iz

Iy
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For slender I-sections, or more generally for beams sat-
isfying Iy ≫ Iz, one has:

g ≃ 1

The general expression may therefore be written in com-
pact form:

Mcr = C1
π2EIz
(kL)2g

[︂√︁
A+∆2 −∆

]︂

or, in expanded form:

Mcr = C1
π2EIz
(kL)2g

[︄(︄(︃
k

kw

)︃2
Iw
Iz

+
(kL)2GIt
π2EIz

+ (C2zg − C3zj)
2

)︄1/2
− (C2zg − C3zj)

]︄

This is the general expression for the elastic critical mo-
ment for lateral-torsional buckling of a prismatic open-
section beam, symmetric about the plane of bending or
monosymmetric, explicitly including:

· the lateral-bending contribution EIz [FL2];

· the uniform-torsion contribution GIt [FL2];

· the warping contribution EIw [FL4];

· the lateral restraint conditions through k [−];

· the warping-restraint conditions through kw [−];

· the bending-moment distribution through C1 [−];

· the load application level through zg [L];

· cross-sectional monosymmetry through zj [L];

· the correction factor g, generally close to unity for
slender I-sections [−].

1.7. Special cases

For a doubly symmetric section:

zj = 0

The formula becomes:

Mcr = C1
π2EIz
(kL)2g

[︄(︄(︃
k

kw

)︃2
Iw
Iz

+
(kL)2GIt
π2EIz

+ (C2zg)
2

)︄1/2

− C2zg

]︄

If, in addition, the load is applied through the shear
centre:

zg = 0

the formula simplifies to:

Mcr = C1
π2EIz
(kL)2g

[︄(︃
k

kw

)︃2
Iw
Iz

+
(kL)2GIt
π2EIz

]︄1/2

For ideal fork supports at the ends:

k = 1

kw = 1

and for a constant bending moment (over the full mem-
ber length L being verified):

C1 = 1

the fundamental relationship is recovered:

Mcr =
π2EIz
L2g

[︃
Iw
Iz

+
L2GIt
π2EIz

]︃1/2

Finally, if Iy ≫ Iz, then g ≃ 1, and therefore:

Mcr =
π2EIz
L2

[︃
Iw
Iz

+
L2GIt
π2EIz

]︃1/2

2. Simplified formulation for doubly sym-
metric members

2.1. Overview of the phenomenon and classical for-
mulation

Lateral-torsional buckling occurs in members subjected
to bending when the compression flange, which may be
idealised as a strut under axial compression, tends to
buckle. In this kinematic and structural configuration,
the member not only deflects laterally about the minor
z–z axis but also twists about its shear centre, thereby
adopting a spatially displaced and rotated configuration
relative to its initial position.

For the fundamental case of a simply supported beam
subjected to a constant bending-moment diagram over
an unrestrained length Lb between two consecutive
torsional restraints, with fork supports at the ends (tor-
sional rotations and transverse displacements restrained,
but warping free), the classical elastic solution gives the
critical moment Mcr as:

Mcr =
π

Lb

√︁
EIzGIt ·

√︄
1 +

π2EIw
GItL2

b

where E is Youngś modulus, G is the shear modulus, Iz
is the second moment of area about the minor axis, It is
the Saint-Venant torsion constant and Iw is the warping
constant governing non-uniform torsion.

For rolled or welded I-girders of moderate or high
slenderness, it may be acceptable, for analytical pur-
poses, to neglect the warping contribution relative to
the Saint-Venant torsional component (Iw ≈ 0). This
assumption, which is strictly conservative, leads to the
well-known simplified expression:

Mcr ≈
π

Lb

√︁
EIzGIt
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2.2. Connection with the CNR-UNI 10011 procedure
and the elastic formulation

As a first approximation, to avoid explicitly calculating
the individual inertia terms

√
IzIt, a geometric approx-

imation of adequate accuracy, at least for doubly sym-
metric I-sections, is introduced, relating the weak-axis
flexural and torsional properties directly to the elastic
section modulus Wel,y about the major axis:

√︁
IzIt ≈ 0.3 · bc tc

h
·Wel,y

where bc and tc denote the width and thickness, re-
spectively, of the compression flange. Substituting
the numerical values of the elastic constants of steel
(E = 210000 MPa and G = 80800 MPa), expressing
the geometric quantities in millimetres [mm] and the
section modulus Wel,y in mm3, gives the practical ex-
pression for the basic critical moment (in N · mm):

Mcr,0 ≈ 122000
bc tc
Lb h

Wel,y

To incorporate this result into a rapid verification pro-
cedure, it is related to the approach adopted in the
Italian standard CNR 10011-85 (Appendix A), which
accounted for the destabilising effect of loads applied
to the upper surface of the top flange by means of a
global amplification factor β = 1.4. The lateral-stability
verification was expressed in the CNR procedure by in-
troducing an equivalent bending moment Meq, defined
as the uniform action producing a destabilising effect
equivalent to that of the actual load distribution:

Meq ≤
Mcr,0

β
=⇒ βMeqLb ≤Wel,y ·

bc tc
h

·122000 (1)

The following rules were prescribed to convert the ac-
tual moment diagram into the equivalent value Meq:

· Simply supported or continuous beam: Meq =
1.3Mm (with 0.75Mmax < 1.3Mm < Mmax)

· Cantilever beam: Meq = Mm (with 0.5Mmax <
Mm < Mmax)

where Mm is the mean bending moment and Mmax is
the maximum moment along the member.

For a cantilever of length L subjected to a load pro-
ducing a triangular moment diagram with a maximum
value Mmax at the fixed end, the mean moment is
Meq = Mm = 0.5Mmax. To transfer the problem to an
equivalent simply supported beam model, a kinematic
analogy was adopted, whereby the deformed shape of
a cantilever corresponds to the mirror image of half a
simply supported beam (Lb = 2L):

MeqLb = (0.5Mmax) (2L) =MmaxL

To simplify the equation further by eliminating the depth
parameters, approximations for the flanged geometry

were introduced, neglecting the web contribution to the
major-axis second moment of area:

Iy ≈ bctch
2

2
=⇒ Wel,y =

Iy
h/2

≈ bctch

Substituting the relationship Wel,y ≈ bctch into the sta-
bility inequality (Eq. (1)), the depth factor h cancels
out. By adopting, in accordance with CNR, the coeffi-
cient β = 1.4 for doubly symmetric sections only and
consistently converting the units (in particular, kN · cm
for moments and cm for lengths), the following direct
preliminary-sizing expression for the compression flange
can be derived (see, for example, [36]):

(bctc)
2 [mm4] ≥ 1.2Mmax [kNcm]L [cm] (2)

3. Extension to monosymmetric sections
(bridge girders and composite systems)

The simplified formulation proposed for doubly sym-
metric sections can be generalised to include monosym-
metric sections (e.g. the main girders of twin-girder or
three-girder steel–concrete composite decks during slab
casting).

To preserve the algebraic structure and ease of prac-
tical application of the original method, a generalised
shape coefficient f is introduced, redefining the elastic
critical moment Mcr in the following generalised equiv-
alent form:

Mcr = f
(︃
122000

bc tc
Lf h

Wel,y

)︃

where bc and tc denote, respectively, the width and
thickness of the compression flange, whose behaviour
governs the kinematics of lateral-torsional buckling.

3.1. Analytical derivation of the coefficient f

Consider the general theoretical formulation for
monosymmetric members loaded through the centroid.
For slender members, conservatively neglecting the
warping-stiffness contribution (Iw ≈ 0), the elastic criti-
cal moment is expressed as:

Mcr = C1
π2EIz
(kL)2

[︄(︄
(kL)2GIt
π2EIz

+ (C2zg − C3zj)
2

)︄1/2

− (C2zg − C3zj)

]︄

By isolating the primary torsional term
√︁
GIt/(EIz)

and introducing the dimensionless coupled-buckling pa-
rameter µ defined by:

µ :=
π · (C2zg − C3zj)

kL

√︃
EIz
GIt
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the complete expression can be factorised and reduced
to the required simplified form. The overall coefficient f
is defined as the product of three distinct contributions:

f := C1 · kgeo · ψ (3)

The term ψ is the mechanical factor associated with
the load application level and monosymmetry (Wagner
effect):

ψ :=
√︁
1 + µ2 − µ (4)

The term kgeo is the geometric asymmetry factor, intro-
duced to calibrate the simplified relationship for the
inertia product

√
IzIt based on the elastic section mod-

ulus Wel,y of the asymmetric section:

kgeo :=
√︁
2ρc

(︂ yc
0.5h

)︂
(5)

where ρc = Iz,c/Iz is the ratio between the minor-axis
second moment of area of the compression flange alone
and that of the complete section, and yc is the distance
from the geometric centroid of the entire section to the
axis of the compression flange.

3.2. Convergence check for the doubly symmetric
limiting case

To demonstrate the mathematical consistency of the pro-
posed extension, consider the limiting case of a doubly
symmetric I-girder loaded through the shear centre un-
der a uniform bending-moment diagram. Under these
conditions, the following geometric and kinematic iden-
tities apply:

1. Vanishing eccentricities: The load application
point coincides with the shear centre (zg = 0)
and the Wagner asymmetry parameter vanishes
(zj = 0). Consequently, Eq. (4) gives µ = 0, and
the mechanical factor reduces to unity:

ψ =
√︁
1 + 02 − 0 = 1

2. Geometric flange symmetry: The flanges are iden-
tical, and the minor-axis second moment of area
is therefore equally distributed (ρc = 0.5). The
cross-sectional centroid lies exactly at mid-depth
(yc = 0.5h). Substitution into Eq. (5) gives:

kgeo =
√
2 · 0.5 ·

(︃
0.5h

0.5h

)︃
= 1 · 1 = 1

3. Uniform moment: For a uniform bending-moment
diagram, the moment-diagram correction coeffi-
cient is unity (C1 = 1.0).

Substitution of Eqs. (4) and (5), together with the value
of C1, into Eq. (3) formally gives:

f = 1 · 1 · 1 = 1

This demonstrates that, for doubly symmetric sections
under standard loading conditions, the generalised
shape coefficient f is exactly equal to 1, and the ex-
tended formulation rigorously reduces to the original
“basic” formulation.

3.3. Improving the approximation: inclusion of
warping stiffness

To avoid excessive conservatism in the simplified for-
mulation, which would be unduly penalising and of
limited practical use in infrastructure design, the sim-
plifying assumption of zero warping stiffness (Iw ≈ 0)
is removed. In monosymmetric bridge girders, when
the unrestrained length Lb between torsional restraints
is relatively short, warping stiffness provides a non-
negligible stabilising contribution.

A warping-stiffness factor κ is therefore introduced
into the expression for the overall shape coefficient f,
in the closed form:

κ :=

√︄
1 +

π2EIw
GItL2

b

For monosymmetric I-sections, the warping constant
Iw can be determined analytically without numerical
modelling by exploiting the kinematic decomposition of
the individual flanges:

Iw = ρc(1− ρc) Izh
2 (6)

where ρc = Iz,c/Iz is the previously defined minor-axis
inertia distribution coefficient. For direct calculation,
the minor-axis properties of the welded monosymmetric
section are expressed in closed form, neglecting weld-
toe radii. The second moment of area Iz,c of the com-
pression flange alone is:

Iz,c =
tcb

3
c

12

while the total second moment of area Iz of the sec-
tion is obtained by summing the contributions of the
compression flange, tension flange and web:

Iz =
tcb

3
c

12
+
ttb

3
t

12
+
hwt

3
w

12

where bt and tt are the width and thickness of the ten-
sion flange, and hw and tw are the web dimensions. The
distribution parameter ρc introduced in Eq. (6) there-
fore has the following analytical form:

ρc =
Iz,c
Iz

=
tc b

3
c

tc b3c + tt b3t + hw t3w

3.4. Calibration framework in accordance with EN
1993

The operational formulation is reorganised by clearly
distinguishing three levels of calculation:

1. exact or approximate estimation of the elastic criti-
cal moment Mcr (first-order theory);

2. conversion of Mcr into the lateral-torsional slender-
ness λ̄LT ;

3. evaluation of the design resistance Mb,Rd through
the reduction factor χLT .
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The elastic critical moment remains an elastic stability
quantity; the design resistance to lateral-torsional buck-
ling is obtained only after applying the buckling curve
specified in Eurocode 3.

For each section and each segment between two con-
secutive torsional restraints, the following code-based
sequence is adopted as the reference:

λ̄LT =

√︃
Wyfy
Mcr

ΦLT =
1

2

[︁
1 + αLT

(︁
λ̄LT − 0.20

)︁
+ λ̄2LT

]︁

χLT = min

⎧
⎨
⎩1,

1

ΦLT +
√︂
Φ2
LT − λ̄2LT

⎫
⎬
⎭

Mb,Rd = χLT
Wyfy
γM1

where Wy is the section modulus consistent with the
cross-section class: Wpl,y for Class 1 or 2 sections, Wel,y

for Class 3 sections and Weff,y for Class 4 sections. The
general method of EN 1993-1-1 is adopted to determine
the lateral-torsional buckling reduction factor; in this
method, the quadratic term has a unit coefficient and
the additional limit 1/λ̄2LT , associated with the modified
formulation, does not apply.

For welded bridge girders, which are generally
monosymmetric and potentially slender, the cross-
section must therefore first be classified and, where
necessary, treated using effective-section properties.

The proposed formulation follows the provisions of
the structural Eurocodes developed by CEN/TC 250
when converting Mcr into Mb,Rd.

3.5. Reference elastic critical moment

For the calibration of the simplified parametric method
presented here, the reference value is the elastic critical
moment obtained from the complete lateral-torsional
buckling formulation, including the effects of warping,
effective length, moment distribution, load application
level and monosymmetry:

Mcr,ref = C1
π2EIz
L2
bg

[︄(︄(︃
Lb
Lw

)︃2
Iw
Iz

+
L2
bGIt

π2EIz
+∆2

)︄1/2
−∆

]︄

(7)
where:

∆ = C2zg − C3zj

In Eq. (7), Lb is the unrestrained distance between two
consecutive lateral-torsional restraints and Lw is the
corresponding effective length for warping. For the
common case of free warping at the ends of the seg-
ment, Lw = Lb is adopted as a first approximation. The
parameter g accounts for the ratio between the princi-
pal flexural stiffnesses; for slender I-girders, in which
Iy ≫ Iz, the approximation g ≃ 1 was adopted only
after numerical verification.

For doubly symmetric sections, zj = 0. For monosym-
metric welded bridge-girder sections, however, zj must
be calculated and cannot be assumed to vanish. The
load level zg must be evaluated relative to the shear
centre using the stated sign convention (see Fig. 1). In
the parabolic branch, for which C2 > 0, a load applied
to the top surface of the upper flange introduces the
usual destabilising contribution. In the locally uniform-
moment branch adopted in this campaign, however,
C2 = 0, so zg does not appear directly in the expression
for Mcr.

In the present statistical campaign, the unrestrained
segment is represented by two limiting models, without
using the earlier reconstruction based on the root-mean-
square moment diagram and an artificial curvature in-
dex. Defining:

ξb =
Lb
L
,

for simplicity, the following operational rule was
adopted (Fig. 2):

(C1, C2, C3) =

{︄
(1.000, 0.000, 1.000) , ξb < 0.25,

(1.132, 0.459, 0.525) , ξb ≥ 0.25.
(8)

The first branch represents a short segment assumed
to be subjected to a locally uniform bending moment;
the second represents the parabolic moment diagram
of a simply supported beam. The threshold ξb = 0.25
belongs to the second branch. This threshold is an oper-
ational discretisation adopted for the present campaign
and must not be interpreted as a general EN 1993 re-
quirement; the values in the two branches remain those
associated with the corresponding limiting models.

The three identifiers SS_UDL_CENTER, SS_UDL_LEFT
and SS_UDL_RIGHT are retained in the audit files but, in
the calibrated version presented here, do not alter the
coefficients. The adopted trend is shown in Fig. 2.

3.6. Classification of geometric families in the REV3
domain

Hereafter, the terms frequent/usual and less fre-
quent/boundary do not denote the probability with
which a given section occurs in practice. They iden-
tify only the position of its geometric ratios within the
parametric domain adopted for REV3 calibration. The
operational classification is summarised in Table 1.

The term less frequent must therefore be interpreted
as identifying a geometry that is less representative of
the parametric population used for calibration, rather
than as a measure of its actual frequency of use in design
practice.

3.7. Proposed simplified parametric formulation for
preliminary sizing of welded sections

The simplified formulation is not obtained by imposing
an approximate value of χLT , nor by directly regressing
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Table 1. Classification of the geometric families adopted in the REV3 parametric campaign.

Family Geometric criteria Operational interpretation

Frequent/usual The section simultaneously satisfies:

10mm ≤ tw ≤ 25mm,

3.65 ≤ h/bc ≤ 4.90,

110 ≤ hw/tw ≤ 150,

1.30 ≤ bt/bc ≤ 2.30,

1.80 ≤ tt/tc ≤ 2.70.

Geometry within the central
and most representative part of
the calibration domain. For this
family, kD = 1 is adopted.

Less
frequent/boundary

The section lies entirely within the extended domain:
10mm ≤ tw ≤ 25mm,

3.50 ≤ h/bc ≤ 5.20,

100 ≤ hw/tw ≤ 300,

1.10 ≤ bt/bc ≤ 2.60,

1.60 ≤ tt/tc ≤ 3.00,

but at least one geometric ratio does not

satisfy the limits of the frequent/usual family.

Peripheral geometry, less
representative of the statistical
population or close to the
boundaries of its support. The
domain correction factor kD is
applied to this family.

Out of range At least one geometric quantity lies outside the extended less
frequent/boundary domain.

The approximate procedure
cannot be used as a stand-alone
method. The complete EN 1993
verification and, where
appropriate, a dedicated
numerical analysis are required.

Note. The geometric family is independent of the unrestrained length against lateral-torsional buckling Lb, the number nlong of
longitudinal-stiffener levels and the choice of the uniform or parabolic branch. These quantities enter the subsequent steps of the
procedure but do not determine whether the section belongs to the “frequent/usual” or “less frequent/boundary” family.

the elastic critical moment. The basic geometric quantity
is the compression-flange area:

Ac = bctc.

The preliminary verification retains the following form
(based on the fundamental formulation in Eq. 2 on
page 7):

A2
c ≥ ˆ︁αLTMeqLb (9)

where Meq is the equivalent moment over the unre-
strained segment Lb. In REV3 calibration3, the approxi-
mate parameter is expressed through the compact model
M3domain:

ˆ︁αLT = α0 kLBs Cf kf kC kn kτ kD,

α0 =
A2
c

My,RkLb
, My,Rk :=Wyfy.

(10)

The moment-distribution coefficients C1, C2 and C3,
which enter the torsional proxy4 defined below, are se-
lected using the two-branch rule in Eq. (8). Their de-
pendence on the ratio Lb/L is shown in Fig. 2; the
figure is placed immediately below to make the transi-
tion between the short-segment and parabolic branches
explicit. In the statistical analysis, the effect of unre-

3The designation REV3 denotes the third revision of the statistical
calibration procedure developed in this study. This revision includes
the final parametric population, the adoption of γM1 = 1.10, the
constrained calibration of the compact model M3domain, the defini-
tion of the dimensionless design charts and their pointwise validation
within the geometric and mechanical domains considered.

4The torsional proxy is a synthetic dimensionless quantity that ap-
proximately represents the influence of torsional and warping stiffness
on the lateral-torsional behaviour of the girder cross-section.
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Coefficienti EC3 adottati; CENTER=LEFT=RIGHT

(C1, C2, C3) =

{
(1.000, 0.000, 1.000), Lb/L < 0.25,

(1.132, 0.459, 0.525), Lb/L ≥ 0.25.

C1 C2 C3 Lb/L = 0.25

Figure 2. Adopted coefficients C1, C2, C3 as functions of Lb/L; the
threshold Lb/L = 0.25 separates the locally uniform-moment branch
from the parabolic branch. The initial green segment overlaps the blue
segment.

strained length is represented by the positive multiplica-
tive factor kL, calibrated in logarithmic space through a
quadratic response surface:

kL = exp
(︁
c0 + c1xL + c2x

2
L

)︁
,

xL = ln

[︃
(Lb/L)

0.10

]︃
,

c0 = 0, c1 = 0.1744, c2 = 0.0043.

(11)

The variable xL is a logarithmic coordinate centred
on the reference value Lb/L = 0.10. Therefore, for
Lb/L = 0.10, xL = 0 and, because c0 = 0 was imposed,
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kL = 1. The exponential transformation also ensures
that the length factor is always positive. The follow-
ing dimensionless explanatory variables, also expressed
as centred logarithmic coordinates, are introduced to
describe the geometric effects of the monosymmetric
section:

xh = ln

[︃
(h/bc)

4

]︃
, xw = ln

[︃
(hw/tw)

180

]︃
,

xb = ln

[︃
(bt/bc)

1.20

]︃
, xt = ln

[︃
(tt/tc)

2

]︃
.

(12)

The quantities xh, xw, xb and xt are the normalised
explanatory variables of the statistical model. The de-
nominators 4, 180, 1.20 and 2 define the reference ge-
ometry, for which all coordinates are zero. The loga-
rithmic transformation converts multiplicative effects of
the geometric ratios into additive contributions in the
regression model. The coordinates xh and xw measure
the effects of the depth ratio h/bc and web slenderness
hw/tw, respectively; their influence on the statistical
formula and torsional component is illustrated in Figs. 3
and 4. The coordinates xb and xt describe the effects of
the flange-asymmetry ratios bt/bc and tt/tc, shown in
Figs. 5 and 6. The discrete effect of longitudinal stiff-
eners is introduced through the indicator, or dummy,
variables N1 and N2:

N1 =

{︄
1, nlong = 1,

0, nlong ̸= 1,
N2 =

{︄
1, nlong = 2,

0, nlong ̸= 2.

(13)
The cross-section without longitudinal stiffeners,
nlong = 0, is the reference category, for which N1 =
N2 = 0. The coefficients associated with N1 and N2

therefore represent the statistical deviation from this
basic configuration. The geometric exponents qh, qw, qb
and qt are response variables estimated by the model.
They are represented by first-order linear response sur-
faces, in which the constant term is the intercept, while
the coefficients associated with xL, N1 and N2 repre-
sent the main effects of the corresponding explanatory
variables:

qh = 0.3081 + 0.0144xL − 0.0043N1 + 0.0004N2,

qw = − 0.0554 + 0.0133xL − 0.0250N1 − 0.0203N2,

qb = − 0.3515 + 0.1002xL + 0.0397N1 + 0.0424N2,

qt = − 0.1342 + 0.0247xL + 0.0312N1 + 0.0409N2.
(14)

The numerical values in these relationships are the re-
gression coefficients calibrated against the REV3 statis-
tical population. In particular, the exponents qh, qw, qb
and qt vary with relative length and stiffener configura-
tion rather than being assumed constant throughout the
domain. The corresponding multiplicative geometric
factors are finally defined as:

Bs = exp(qhxh + qwxw) , Cf = exp(qbxb + qtxt) .
(15)

The factor Bs combines the effects associated with sec-
tion depth and web slenderness, whereas Cf represents

the effects of flange asymmetry. The exponential form
ensures Bs > 0 and Cf > 0 and converts the calibrated
linear combinations into multiplicative factors applica-
ble to the compact model. Figs. 3–6 explicitly show the
role of the four coordinates in Eq. (12) in the factors
Bs and Cf of Eq. (15). The figures below allow direct
comparison between web and flange parameters. The
multiplicative factors associated with steel strength, the
coefficient C1 and the number of stiffeners are expressed
in general form as:

xf = ln

(︃
fy
355

)︃
, kf = exp(afxf ),

xC = ln

(︃
C1

C1,ref

)︃
, kC = exp(aCxC),

kn = exp(aN1
N1 + aN2

N2).

(16)

The constraints C1,ref = 1 and af = aC = aN1
=

aN2 = 0 were imposed during calibration of the sta-
tistical model, which directly yields kf = kC = kn = 1.
This choice removes independent multiplicative con-
tributions associated with these quantities; within the
calibration domain, their effects on the response are
therefore embedded in the cross-sectional properties,
geometric exponents and variables defining the torsional
proxy.

The torsional factor is then defined as:

kτ = exp(Pτ ), (17)

with the general polynomial:

Pτ = 0.1100 + 0.7082qτ + 0.2481uτ +

+ 0.1710q2τ − 0.0276u2τ + 0.3661qτuτ .
(18)

All the terms shown are retained in the REV3 calibration.
The proxy variables are defined as:

Sτ =
Iw
Iz

+
L2
bGIt

π2EIz
, ∆ = C2zg − C3zj ,

Mτ = C1
π2EIz
L2
b

√︁
Sτ , uτ =

∆√
Sτ
,

λτ =

√︃
My,Rk

Mτ
, qτ = max(0, λτ − 0.25) .

(19)

The moment Mτ is a torsional proxy constructed specifi-
cally for this procedure; it does not coincide with Mcr

and does not introduce Mcr, λLT or χLT into the appli-
cation sequence. Denoting the “frequent/usual” domain
by D = F and the “less frequent/boundary” domain by
D = B, the domain factor is defined as:

pD(xL, xw) = 0.0205− 0.0448xL

+ 0.0420x2L + 0.0213xw + 0.0159xwxL,

ln kD =

{︄
0, D = F,

pD(xL, xw), D = B.

(20)
The demand associated with the approximate procedure
may be expressed through the quantity:

Rapp := ˆ︁αLTMeqLb, A2
c ≥ Rapp, (21)



Lateral-torsional buckling of steel bridge girders 12

while the equivalent resistance moment is:

Mapp
b,Rd =

A2
c

ˆ︁αLTLb
. (22)

The geometry, longitudinal stiffeners, steel strength and
coefficients C1, C2, C3 therefore act through the cross-
sectional properties, the variables qτ , uτ , xL, and the
geometric factors Bs and Cf .
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Figure 3. Sensitivity of the final formula to the ratio h/bc, associated
with the coordinate xh in Eq. (12).
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Figure 4. Sensitivity of the final formula to web slenderness hw/tw,
associated with the coordinate xw in Eq. (12).
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Sensibilità totale della formula a bt/bc

N0 S355 L40 tw18 tc25 tt60; S355; L=40 m; Lb=7.0 m; CENTER; nlong=0
Variazione un parametro alla volta; W e proprietà torsionali ricalcolati.
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Figure 5. Sensitivity of the final formula to the ratio bt/bc, associated
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Figure 6. Sensitivity of the final formula to the ratio tt/tc, associated
with the coordinate xt in Eq. (12).

3.8. Definition of the EC3 calibration parameter

For each case in the parametric population, the complete
EN 1993 resistance, denoted by MEC3

b,Rd,i, is calculated. It
is used solely as the calibration reference and does not
enter the operational sequence of the simplified formula.
The pointwise code parameter is:

αEC3
LT,i =

A2
c,i

MEC3
b,Rd,iLb,i

.

The numerical values of αEC3
LT , α0 and ˆ︁αLT refer to the

operational unit convention adopted throughout the
calibration: Ac in mm2, moments in kN cm, and Lb in
centimetres. The ratio ρi, by contrast, is dimensionless.
This convention was applied consistently throughout,
without mixing units. The quality and conservatism of
the prediction are controlled through the calibration
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ratio, or multiplicative residual,

ρi =
ˆ︁αLT,i
αEC3
LT,i

.

The value ρi = 1 denotes exact agreement with the EC3
reference, whereas ρi > 1 indicates a conservative pre-
diction and ρi < 1 a non-conservative underestimate.
The calibration is pointwise: population means or per-
centiles are not sufficient. The following domain-specific
control limits were imposed for every row:

1.000 ≤ ρi ≤ 1.150 “frequent/usual”,

1.000 ≤ ρi ≤ 1.2075 “less frequent/boundary”.

The value kB = 1.05 defines only the upper statistical
tolerance for the boundary domain, namely 1.15kB =
1.2075, and is not a coefficient to be multiplied in the
operational verification. By contrast, the calibrated fac-
tor kD, which is distinct from kB , is defined by Eq. (20):
it is equal to one in the frequent domain and follows
the stated polynomial law in the boundary domain. The
training/test split is performed by geometry_id, so that
all combinations associated with the same geometry re-
main in a single subset and no leakage occurs between
calibration and validation.

3.9. REV3 database and traceability

The population was regenerated in full using specific
relationships reported by De Miranda ([16, pp. 125–
133]). For each of the three configurations with nlong =
0, 1, 2, 21592 configurations were assessed, for a total of
64776 cross-sectional verifications according to EN 1993.
Regeneration produced neither errors nor numerical
rejections, and the thirteen basic CSV files match the
certified REV3 population byte-for-byte.

Application of the formal geometric limits selects 3296
sections for each stiffener configuration, giving a total
of 9888 statistical sections. The distribution is:

NF = 2103, NB = 7785, Ntot = 9888,

where the subscripts F and B denote the “fre-
quent/usual” and “less frequent/boundary” domains, re-
spectively. The remaining 54888 sectional configurations
are retained in the audit as “outside the support” and
were excluded from calibration. For each section, the 61
values of Lb between 3.00m and 15.00m, at increments
of 0.20m, were applied. This gives 9888× 61 = 603168
physical section–unrestrained-length combinations, and
therefore the same number of EN 1993 cross-sectional
verifications. The three identifiers SS_UDL_CENTER,
SS_UDL_LEFT and SS_UDL_RIGHT are retained for com-
patibility and audit purposes, but use the same two-
branch rule for the coefficients C1, C2, C3 (Fig. 2).
The complete statistical population therefore contains
603168 × 3 = 1809504 records. The training/test split
is grouped by split_group_id; to ensure a statistically
valid analysis, no geometry appears in both subsets.

4. Statistical calibration analysis of the
REV3 parametric model

4.1. Selected model

The final calibration adopts the model M3domain, de-
fined by Eqs. (10)–(20). The exponents directly asso-
ciated with fy, C1 and the number of stiffeners were
subject to fixed calibration constraints requiring them
to be zero:

af = aC = aN1
= aN2

= 0, kf = kC = kn = 1.

The effects of material and stiffeners are not removed:
they enter through the adopted section modulus, the
properties Iz, It, Iw, zg, zj , the torsional variables, and
the geometric exponents. The factor kD is equal to one
in the frequent domain and varies in the boundary do-
main; it is not the same as kB = 1.05, which remains
solely the upper statistical acceptance tolerance imposed
as a calibration constraint. Reconstruction of the inter-
mediate variables over the full population gives:

max |∆λτ |,max |∆qτ |,max |∆uτ | ≤ 5.01× 10−13,

well below the prescribed tolerance of 10−9.

4.2. Pointwise validation

The conservatism ratio is defined as:

ρi :=
ˆ︁αLT,i
αEC3
LT,i

. (23)

Calibration and validation are accepted only if every
row satisfies its applicable interval. The final results are
reported in Table 2. No cases with ρi < 1 or exceedances
of the limits 1.150 and 1.2075, imposed as calibration
“accuracy” limits, were found. Acceptance decisions,
monotonicity audits and row-by-row predictions are
retained in files M00–M18 of the package.

4.3. Unrestrained-segment coefficients and sensitiv-
ity

The two-branch rule for the coefficients C1, C2, C3 is
shown in Fig. 2, placed directly in Section 3.7 next to
the definition of the compact model. One-at-a-time
variations of the ratios h/bc, hw/tw, bt/bc and tt/tc are
shown, in the same order in which the parameters are
introduced, in Figs. 3–6.

For every point in the parametric population, the
cross-section class, section modulus, torsional properties
and the value returned by the implemented statistical
formula are recalculated directly. The results are there-
fore not altered by corrective interpolation or graphical
smoothing.
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Table 2. Pointwise validation of the M3domain model.

Dataset Domain N ρmin ρ50 ρ95 ρmax

Training Frequent/usual 287676 1.007666 1.051520 1.080860 1.106750
Test Frequent/usual 97173 1.006219 1.050878 1.081126 1.101360
Training Less frequent/boundary 1063413 1.007744 1.065644 1.115324 1.177869
Test Less frequent/boundary 361242 1.007847 1.065044 1.112846 1.172562
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Figure 7. Map of the 9888 certified REV3 statistical sections in the “frequent/usual” and “less frequent/boundary” domains.

5. Operational dimensionless design charts

5.1. Construction and support

The design charts do not directly regress qτ and uτ .
Their inputs consist solely of dimensionless ratios de-
rived from nominal dimensions, normalised strength
fy/E, the number of longitudinal-stiffener levels and
the branch of the Ci coefficients. The following input
parameters are introduced:

βc =
bc
h
, τc =

tc
h
, βt =

bt
h
, τt =

tt
h
,

τw =
tw
h
, γA =

bttt
bctc

, βs =
bs
h
, τs =

ts
h
.

(24)

The input vector of the graphical model consists of the
logarithms of the ratios in Eq. (24), supplemented by
the ratios h/bc, hw/tw, bt/bc, tt/tc, and, in the Ξλ model,

by fy/E:

ξ(n) =
[︁
lnβc, ln τc, lnβt, ln τt, ln τw,

ln γA, ln(h/bc), ln(hw/tw),

ln(bt/bc), ln(tt/tc),

lnβs,1, ln τs,1, . . . ,

lnβs,n, ln τs,n, ln(fy/E)
]︁T
.

(25)

The three synthetic coordinates are obtained from the
polynomial maps published in the supplementary file
ABACUS_dimensionless_coefficients.json:

ln ˆ︁κψ = P(n)
ψ (ξ(n)),

ln Ξu,0 = P(n,C)
u (ξ(n)),

ln Ξλ = P(n)
λ (ξ(n)).

(26)

The polynomial maps were developed so that no pre-
liminary calculation of It, Iw, zg, zj or Mcr is required.
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Figure 8. Comparison between the EN 1993 parameter and the final prediction, including the conservatism lines and the upper domain limits.

Dependence on the dimensionless length ℓb = Lb/h is
then reconstructed through the parameters:

ψτ = ˆ︁κψℓb, ˆ︁uτ =
Ξu,0√︁
1 + ψ2

τ

, (27)

ˆ︁λτ =
Ξλ√
C1

ℓb
(1 + ψ2

τ )
1/4

, ˆ︁qτ = max(0, ˆ︁λτ − 0.250).

(28)
To preserve pointwise conservatism after graphical in-
terpolation, the final parameter obtained from the
charts also includes the local coefficient kA (Table 6
on page 26), selected according to the domain, nlong,
the C branch and the interval of ℓb:

ˆ︁αabaco
LT = kA α0kLBsCfkfkCknkτ (ˆ︁qτ , ˆ︁uτ )kD. (29)

The coefficient kA is neither a code coefficient nor a
statistical tolerance: it is the certified local realignment
of the graphical procedure relative to the equations of
the statistical model. The auxiliary campaign contains
5112 sectional configurations and 347616 exact targets.
Fitting is grouped, and the specific P1 section is excluded
from calibration. The chart error is propagated directly
to ˆ︁αLT and ρ over the entire physical population of
603168 rows.

The propagation results are:

min

(︄
ˆ︁αdesign chart
LT

ˆ︁αequations
LT

)︄
= 1.0004.

1.0098 ≤ ρdesign chart ≤ 1.2045.

No underestimates, sign errors in uτ , or violations of
the upper limits were found. Ten independent official
geometries belonging exclusively to the test subset were
also verified.

5.2. Accuracy of the design charts

For uτ , the median relative error is 0.1330%, the 95th
percentile is 0.4074%, and the maximum is 1.4223%. For
λτ , the corresponding values are 0.1996%, 0.7633%, and
2.8738%. For qτ , the absolute error is considered primar-
ily, because the relative error is not meaningful near the
zero threshold: median 6.667 × 10−4, 95th percentile
4.237× 10−3, maximum 2.199× 10−2. The external P1
benchmark, excluded from fitting, is developed in full
in Section 6, where the complete EN 1993 procedure is
compared with manual reading of the charts.

6. Comparative worked example for the P1
test section

6.1. Load analysis during slab casting

The geometric assumptions and characteristic loads
adopted for the casting stage are summarised in Ta-
ble 3. During casting, the slab is not yet composite and
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Figure 9. Quantiles of αENLT and ˆ︁αLT over the 61 values of Lb.

the resulting actions are resisted by the steelwork alone.
For each main girder, the tributary width given in the ta-
ble is considered; the local working-area load is applied
over a loaded length of 3.00 m, centred at midspan. The
characteristic line load due to fresh concrete is:

Qcf = γcscbtrib

= 26.00 kN/m3 · 0.25m · 5.00m
= 32.50 kN/m.

The characteristic line load due to formwork and sup-
porting elements is:

Qcc = qccbtrib

= 2.00 kN/m2 · 5.00m = 10.00 kN/m.

The uniformly distributed component of the transient
ULS combination is:

qEd = γGGst + γQ (Qcf +Qcc)

= 76.70 kN/m.

For the working area, the loaded width assigned to one
girder is bQca = 3.00m; the corresponding design line

load is:

qQca,Ed = γQqcabQca

= 1.50 · 1.50 kN/m2 · 3.00m = 6.75 kN/m.

Since the loaded length lQca = 3.00m is centred at
midspan, its contribution to the maximum moment is:

MQca = qQca,EdlQca

(︃
L

4
− lQca

8

)︃

= 6.75 kN/m · 3.00m
(︃
48.00m

4
− 3.00m

8

)︃

= 235.41 kNm.

The moment due to the uniformly distributed compo-
nent is:

Mq,Ed =
qEdL

2

8

=
76.70 kN/m · (48.00m)2

8
= 22089.59 kNm.
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The maximum design moment during casting is there-
fore:

MEd =Mq,Ed +MQca

= 22089.59 kNm+ 235.41 kNm

= 22325.00 kNm .

To ensure a consistent comparison between analytical
formulations and numerical models, the same maximum
moment may be reproduced by the equivalent fictitious
uniformly distributed load:

p∗ =
8MEd

L2

=
8 · 22325.00 kNm

(48.00m)2

= 77.52 kN/m.

The example compares the complete EN 1993 procedure
and the REV3 approximate procedure based on the de-
sign charts for the same P1 section. Consistent with the
package calibration, γM1 = 1.10 is adopted. The design
moment used for comparison is MEd = 22325.00 kNm.

6.2. Complete calculation according to EN 1993

The P1 section has two levels of longitudinal stiffeners,
each formed by a pair of plates symmetrically arranged
on both sides of the web at levels hw/3 and 2hw/3 above

the lower edge of the web. The girder is made of S355
steel, for which fy = 335MPa, E = 210000MPa, ν =
0.30 and G = E/[2(1 + ν)] ≈ 81000MPa are adopted.

The P1 configuration was not used to estimate the
model coefficients, construct the design charts or locally
realign the approximate procedure. It therefore consti-
tutes an independent application case used to assess the
ability of the proposed method to generalise to a geom-
etry not directly involved in its development, thereby
avoiding a circular comparison with calibration data.

When defining lateral-torsional slenderness through
the elastic critical moment Mcr, EN 1993-1-1 requires
the latter to account for the gross cross-sectional proper-
ties, actual restraint conditions, bending-moment distri-
bution and load application position. The standard does
not, however, provide a general closed-form expression
for longitudinally stiffened sections with arbitrary lay-
outs or arrangements that are asymmetric with respect
to the web plane.

For stiffeners fitted on one side only, geometries
producing flexural–torsional coupling that cannot be
represented by an equivalent monosymmetric section,
or cases involving significant cross-sectional distortion,
Mcr should therefore be determined by an elastic eigen-
value analysis or a specifically validated numerical
model.

For P1, by contrast, the stiffeners are arranged sym-
metrically with respect to the web plane and can be
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included in the gross-section elastic properties without
introducing additional lateral asymmetry.

Monosymmetry about the plane of bending neverthe-
less remains because the upper and lower flanges have
different dimensions. This requires evaluation of the
shear centre, the warping constant and the monosym-
metry parameter zj .

For historical context, an explicit formulation of the
elastic critical moment for symmetric and monosymmet-
ric open sections was provided in ENV 1993-1-1:1992,
Appendix F.5 Tables F.1.1 and F.1.2 of the same ap-
pendix also provided the coefficients C1, C2 and C3

associated with restraint conditions and the principal
bending-moment diagrams.

These expressions remain useful analytical references,
but their use should not be extended automatically to
asymmetric stiffened configurations outside the assump-
tions of the model.

Before applying the simplified method, the character-

5ENV 1993-1-1:1992 was issued as an experimental European
prestandard and was formally superseded by EN 1993-1-1:2005, ap-
proved by CEN on 16 April 2004 and published in May 2005. In Italy,
UNI EN 1993-1-1:2005, ratified on 19 July 2005 and published in
August 2005, together with UNI EN 1993-1-8:2005, UNI EN 1993-
1-9:2005 and UNI EN 1993-1-10:2005, replaced UNI ENV 1993-1-
1:2004.

The foreword to the EN also set November 2005 as the deadline
for national implementation and March 2010 as the final deadline
for withdrawal of conflicting national standards. Accordingly, the
reference to Appendix F of the ENV in this paper is solely historical
and informative.

istic geometric ratios of the section are compared with
the ranges covered by the parametric campaign to estab-
lish its position within the validity domain and identify
any conditions close to its boundaries.

The complete EN 1993 calculation is taken as the
reference and considers the properties of the section
strengthened by longitudinal stiffeners (and, naturally,
by transverse stiffeners, which are not considered in
this specific treatment), its classification and, where
required, the corresponding effective properties. The
geometric and mechanical data of the section are:

bc = 550mm, tc = 35mm,

bt = 650mm, tt = 68mm,

hw = 2702mm, tw = 12mm,

bs = 150mm, ts = 10mm.

(30)

where bs and ts are the width and thickness, respec-
tively, of an individual stiffener plate. At each level,
two identical plates are arranged symmetrically on both
sides of the web; therefore, the total stiffener area at
each level is 2bsts, while the total area of the four plates
at the two levels is 4bsts.

From the geometry in Eq. (30), the overall depth and
gross area are:

h = tt + hw + tc = 2805.00mm,

A = bttt + twhw + bctc + 4bsts = 101874.00mm2.
(31)
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The centroid and the second moment of area about the
major axis, evaluated from the rectangular decomposi-
tion, are:

yG =

∑︁
iAiyi∑︁
iAi

= 1076.681mm,

Iy =
∑︂

i

[︂
I
(0)
y,i +Ai(yi − yG)

2
]︂

= 1.299× 1011 mm4.

(32)

The minor-axis second moment of area is:

Iz =
∑︂

i

I
(0)
z,i

= 2.092× 109 mm4.

(33)

The calculation of Iz includes the contributions of the
two flanges, the web and the four longitudinal stiffener
plates. For each stiffener, both the centroidal second
moment of area and the parallel-axis term relative to the
global minor z–z axis are included, accounting for the
symmetric arrangement on both sides of the web. The
web contribution is practically negligible, approximately
0.019% of Iz; the value of Iz is therefore governed by
the flanges, with a secondary contribution from the four
longitudinal stiffeners.

The torsion constant of each rectangle was calculated

using the CTICM–Villette formulation:6

dmax = max(d1, d2),

dmin = min(d1, d2),

ρ =
dmin

dmax
≤ 1,

κV (ρ) = 1− ρ
(︁
0.633− 0.055ρ3

)︁
,

It,V (d1, d2) =
dmaxd

3
min

3
κV (ρ)

=
dmaxd

3
min

3

×
[︁
1− ρ

(︁
0.633− 0.055ρ3

)︁]︁

=
dmaxd

3
min

3

[︃
1− dmin

dmax

(︃
0.633− 0.055

d3min

d3max

)︃]︃
,

lim
ρ→0

κV (ρ) = 1,

lim
ρ→0

It,V =
dmaxd

3
min

3
.

Summing the contributions of the web, the flanges and

6The CTICM–Villette formulation provides a closed-form approx-
imation of the Saint-Venant torsion constant of a solid rectangle,
correcting the limiting value bt3/3 as a function of the ratio t/b, with
b ≥ t. It assumes a prismatic, homogeneous and isotropic mem-
ber under linear-elastic uniform torsion; it does not include warping
restraint or local effects associated with welds, fillets or geometric
discontinuities.
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Quantity Symbol Value Definition

Girder span L 48.00m Simply supported scheme
Distance between torsional restraints Lb 4.80m Spacing of the girder torsional restraints
Tributary width btrib 5.00m Tributary width assigned to one girder
Slab thickness sc 0.25m Non-composite fresh concrete
Unit weight of fresh concrete γc 26.00 kN/m3 Value adopted during casting
Formwork surface load qcc 2.00 kN/m2 Formwork and supporting elements
Steelwork self-weight Gst 9.59 kN/m Characteristic value for one girder
Local working area AQca 3.00m× 3.00m Area centred at midspan
Working-area load qca 1.50 kN/m2 Variable construction action
Permanent-action factor γG 1.35 Transient ULS combination
Variable-action factor γQ 1.50 Transient ULS combination

Table 3. Data adopted for the load analysis during slab casting.

the two pairs of longitudinal stiffeners gives:

It = It,V (h, tw) + It,V (bc, tc)−
(︃
tw
bc

)︃2
It,V (tw, tc)

+ It,V (bt, tt)−
(︃
tw
bt

)︃2
It,V (tw, tt)

+ 2It,V (2bs + tw, ts)− 2

(︃
tw

2bs + tw

)︃2
It,V (tw, ts)

= 7.297× 107 mm4.
(34)

For warping, the levels of the two flanges and of the
two stiffener pairs are considered. The shear centre is
obtained as the weighted average using the minor-axis
second moments of area of the levels:

yS =

∑︁
r Iz,ryr∑︁
r Iz,r

= 706.18mm. (35)

The warping constant is therefore:

Iw =
∑︂

r

Iz,r(yr − yS)
2 = 2.841× 1015 mm6. (36)

Taking the z-axis as positive towards the upper compres-
sion flange, the shear-centre coordinate relative to the
centroid is (see Fig. 1 on page 4):

zs = yS − yG = −370.50mm. (37)

The Wagner integral and the monosymmetry parameter
are:

Jint =

∫︂

A

z(y2 + z2) dA = 6.85× 1013 mm5,

zj = zs −
Jint
2Iy

= −634.31mm.

(38)

Because the load is implicitly assumed to act on the top
surface of the compression flange, its level relative to
the shear centre is:

zg = h− yS = 2098.82mm > 0. (39)

The cross-section is Class 4. For fy = 335MPa:

ε =

√︄
235

fy
= 0.838. (40)

The EN 1993-1-5 effective-section iteration converges
to:

Aeff = 94527.42mm2,

yG,eff = 1008.16mm,

Iy,eff = 1.22× 1011 mm4,

Wy,eff =
Iy,eff

h− yG,eff
= 67955139.14mm3.

(41)

The characteristic bending resistance moment of the
effective section is:

My,Rk =Wy,efffy = 22764.97 kNm. (42)

For L = 48.00m and Lb = 4.80m, Lb/L = 0.100 <
0.250. Equation (8) and Fig. 2 give:

C1 = 1.000, C2 = 0.000, C3 = 1.000. (43)

With kz = kw = 1.000, the geometric term and the
factor g are:

∆ = C2zg − C3zj = 634.31mm,

g =

√︄
1− Iz

Iy
= 0.992.

(44)

Adopting E = 210000MPa, ν = 0.300 andG = E/[2(1+
ν)] ≈ 81000MPa, the contributions under the square
root in Eq. (7) are:

Iw
Iz

= 1357825.83mm2,

L2
bGIt

π2EIz
= 31312.81mm2,

Scr =
Iw
Iz

+
L2
bGIt

π2EIz
= 1389138.64mm2.

(45)

Therefore:
√︁
Scr +∆2 −∆ = 704.15mm,

C1
π2EIz
L2
bg

= 189.77 kNm/mm,

Mcr = C1
π2EIz
L2
bg

(︂√︁
Scr +∆2 −∆

)︂

= 133626.09 kNm.

(46)
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The elastic critical multiplier relative to the applied mo-
ment and the lateral-torsional slenderness are:

λ(EC3)
cr =

Mcr

MEd
= 5.985, (47)

λLT =

√︃
My,Rk

Mcr
= 0.413. (48)

For the welded section, with h/bt = 4.315 > 2.000,
buckling curve d is adopted and hence αLT = 0.760.
The general method of EN 1993-1-1, Sec. 6.3.2.2, gives:

ΦLT =
1

2

[︂
1 + αLT (λLT − 0.200) + λ

2

LT

]︂
= 0.666,

χLT = min

⎧
⎨
⎩1,

1

ΦLT +

√︂
Φ2
LT − λ

2

LT

⎫
⎬
⎭ = 0.841.

(49)
With the partial factor adopted in the REV3 release,
γM1 = 1.10, the design resistance is:

MEC3
b,Rd = χLT

My,Rk

γM1
= 17409.55 kNm. (50)

The utilisation ratio is:

ηEC3 =
MEd

MEC3
b,Rd

= 1.282 > 1.000 (not verified). (51)

The reference parameter, using the unit convention of
the approximate parametric procedure, is:

Ac = bctc = 19250.00mm2,

αEC3
LT =

A2
c

MEC3
b,RdLb

= 0.443.
(52)

with MEC3
b,Rd expressed in kN cm and Lb in centimetres.

6.3. Calculation using the approximate parametric
procedure and design charts

The graphical procedure does not use the torsional prop-
erties in Eqs. (33)–(39) and does not require calculation
of Mcr, λLT or χLT . Only nominal dimensionless ratios
are used for the torsional block.

The final resistance still requires Ac and My,Rk =
Wyfy, which are already available from the cross-section

classification. From the data in Eq. (30):

h

bc
= 5.100,

hw
tw

= 225.167,

bt
bc

= 1.182,
tt
tc

= 1.943,

tc
h

= 0.0125, ℓb =
Lb
h

= 1.711,

rL =
Lb
L

= 0.100,
bs
h

= 0.0535,

ts
h

= 0.0036.

(53)

The ratios in Eq. (53) lie within the declared support
of the design charts. The section belongs to the “less
frequent/boundary” domain, mainly because h/bc =
5.100, hw/tw = 225.17, and bt/bc = 1.18. From rL =
0.100, Eq. (8) and Fig. 2 select the uniform branch of
Eq. (43). For P1, the components of the dimensionless
vector in Eq. (25) are (rounded to three decimal places):

lnβc = −1.629, ln τc = −4.382,

lnβt = −1.462, ln τt = −3.718,

ln τw = −5.452, ln γA = 0.831,

ln(h/bc) = 1.629, ln(hw/tw) = 5.417,

ln(bt/bc) = 0.167, ln(tt/tc) = 0.664,

ln(bs/h) = −2.928, ln(ts/h) = −5.627,

ln(fy/E) = −6.438.

(54)

6.4. Tables for estimating ˆ︁κψ and Ξu,0

For each variable, the contribution at points between the
five tabulated values is obtained by linear interpolation.
For the configuration nlong = n:

ˆ︁κψ = exp

(︃
b
(n)
ψ +

∑︁
j Pψ,j

100

)︃
,

Ξ
(C)
u,0 = exp

(︃
b
(n)
u,C +

∑︁
j Pu,C,j

100

)︃
.

Branch C is selected according to the bending-moment
distribution over the unrestrained segment Lb: uniform
for C1 = 1.000 and parabolic for C1 = 1.132. Only
nominal dimensionless ratios are required.

Table 4. Tabulated contributions for the manual calculation of ˆ︁κψ and Ξu,0, distinguished by the number n = nlong of longitudinal-stiffener levels.

Variable Input values Pψ Pu,U Pu,P

nlong = 0: bψ = −2.610008, bu,U = 0.365980, bu,P = 0.881069

tc/h

0.00375; 0.00720; 0.00900;
0.01059; 0.01491

-66.4; -13.3; 3.9;
16.2; 42.4

-2.9; -0.5; 0.2;
0.6; 2.0

-1.1; -0.2; 0.0;
0.3; 0.9

hw/tw

100.0; 123.3; 150.8;
194.1; 300.0

3.4; 3.0; 1.3;
-2.2; -12.4

-1.5; -0.8; -0.2;
0.7; 2.3

-0.4; -0.3; -0.1;
0.2; 0.7

tw/tc

0.24300; 0.68000; 0.76000;
0.86140; 1.438

25.8; 0.2; -1.9;
-3.3; -10.2

0.0; 0.0; 0.0;
0.0; 0.0

0.0; 0.0; 0.0;
0.0; 0.0

tt/tc

1.600; 1.922; 2.244;
2.600; 3.000

-28.9; -12.4; 0.7;
14.2; 28.0

-9.9; -4.7; -0.1;
4.9; 10.3

-9.1; -4.1; 0.1;
4.4; 8.6

γA =
At/Ac

1.896; 3.436; 4.016;
4.787; 7.601

-20.3; -5.8; -0.8;
5.3; 25.4

-33.6; -2.3; 1.5;
4.7; 13.2

-21.3; -3.2; 0.5;
4.4; 14.7
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Table 4 – continued.

Variable Input values Pψ Pu,U Pu,P

nlong = 0 – continued

h/bc

3.512; 3.948; 4.312;
4.801; 5.200

-22.4; -9.8; -0.0;
9.6; 17.4

-0.1; -0.0; 0.0;
0.0; 0.0

-0.2; -0.0; 0.0;
0.0; 0.0

Ac/h
2

0.00080; 0.00166; 0.00204;
0.00241; 0.00406

15.8; 1.5; -0.6;
-1.9; -7.9

0.0; 0.0; 0.0;
0.0; 0.0

0.0; 0.0; 0.0;
0.0; 0.0

Aw/h
2

0.00318; 0.00489; 0.00627;
0.00761; 0.00949

-10.0; -4.8; -0.3;
4.9; 11.7

0.0; 0.0; 0.0;
0.0; 0.0

0.0; 0.0; 0.0;
0.0; 0.0

bt/bc

1.100; 1.529; 1.807;
2.140; 2.600

0.0; 0.0; 0.0;
0.0; 0.0

-88.8; -23.0; 2.8;
26.7; 54.0

-69.8; -21.3; 1.3;
23.6; 49.0

Table 4 – continued.

Variable Input values Pψ Pu,U Pu,P

nlong = 1: bψ = −2.609970, bu,U = 0.361674, bu,P = 0.878843

tc/h

0.00375; 0.00720; 0.00900;
0.01059; 0.01491

-66.0; -13.4; 3.9;
16.3; 42.5

-2.3; -0.5; 0.2;
0.5; 1.3

-0.9; -0.2; 0.1;
0.2; 0.5

hw/tw

100.0; 123.3; 150.8;
194.1; 300.0

3.4; 3.0; 1.2;
-2.1; -12.6

-1.2; -0.6; -0.2;
0.6; 2.0

-0.5; -0.2; -0.1;
0.2; 0.6

tw/tc

0.24300; 0.68000; 0.76000;
0.86140; 1.438

25.8; 0.3; -1.8;
-3.2; -10.6

0.0; 0.0; 0.0;
0.0; 0.0

0.0; 0.0; 0.0;
0.0; 0.0

tt/tc

1.600; 1.922; 2.244;
2.600; 3.000

-28.9; -12.2; 0.8;
14.2; 28.0

-10.0; -4.9; -0.5;
5.2; 10.7

-9.1; -4.1; -0.1;
4.5; 8.8

γA =
At/Ac

1.896; 3.436; 4.016;
4.787; 7.601

-19.9; -5.7; -0.8;
5.3; 25.4

-34.2; -2.1; 1.5;
4.8; 12.9

-21.2; -3.0; 0.6;
4.5; 14.5

Table 4 – continued.

Variable Input values Pψ Pu,U Pu,P

nlong = 1 – continued

h/bc

3.512; 3.948; 4.312;
4.801; 5.200

-22.4; -9.7; 0.0;
9.5; 17.1

-1.0; -0.1; 0.0;
0.0; 0.3

-0.8; -0.0; 0.0;
0.0; 0.1

Ac/h
2

0.00080; 0.00166; 0.00204;
0.00241; 0.00406

15.8; 1.4; -0.6;
-1.8; -7.6

0.0; 0.0; 0.0;
0.0; 0.0

0.0; 0.0; 0.0;
0.0; 0.0

Aw/h
2

0.00318; 0.00489; 0.00627;
0.00761; 0.00949

-9.6; -4.7; -0.4;
4.8; 11.4

0.0; 0.0; 0.0;
0.0; 0.0

0.0; 0.0; 0.0;
0.0; 0.0

bt/bc

1.100; 1.529; 1.807;
2.140; 2.600

0.0; 0.0; 0.0;
0.0; 0.0

-89.7; -23.2; 2.7;
26.8; 53.9

-69.9; -21.3; 1.3;
23.6; 48.9

Table 4 – continued.

Variable Input values Pψ Pu,U Pu,P

nlong = 2: bψ = −2.609007, bu,U = 0.361353, bu,P = 0.878716

tc/h

0.00375; 0.00720; 0.00900;
0.01059; 0.01491

-66.1; -13.3; 3.9;
16.3; 42.6

-2.1; -0.4; 0.2;
0.4; 1.1

-0.8; -0.2; 0.1;
0.2; 0.4

hw/tw

100.0; 123.3; 150.8;
194.1; 300.0

3.4; 3.0; 1.2;
-2.2; -12.6

-1.2; -0.6; -0.2;
0.5; 1.9

-0.5; -0.2; -0.1;
0.1; 0.6

tw/tc

0.24300; 0.68000; 0.76000;
0.86140; 1.438

25.6; 0.3; -1.8;
-3.1; -10.6

0.0; 0.0; 0.0;
0.0; 0.0

0.0; 0.0; 0.0;
0.0; 0.0

tt/tc

1.600; 1.922; 2.244;
2.600; 3.000

-28.8; -12.2; 0.7;
14.2; 28.0

-9.9; -4.9; -0.5;
5.2; 10.7

-9.0; -4.1; -0.2;
4.5; 8.8

γA =
At/Ac

1.896; 3.436; 4.016;
4.787; 7.601

-19.7; -5.7; -0.8;
5.3; 25.4

-33.7; -2.0; 1.5;
4.8; 13.0

-20.9; -3.0; 0.6;
4.5; 14.6

Table 4 – continued.
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Variable Input values Pψ Pu,U Pu,P

nlong = 2 – continued

h/bc

3.512; 3.948; 4.312;
4.801; 5.200

-22.1; -9.6; 0.1;
9.5; 17.1

-1.1; -0.1; 0.1;
0.1; 0.3

-0.9; -0.0; 0.0;
0.0; 0.1

Ac/h
2

0.00080; 0.00166; 0.00204;
0.00241; 0.00406

15.9; 1.4; -0.5;
-1.8; -7.5

0.0; 0.0; 0.0;
0.0; 0.0

0.0; 0.0; 0.0;
0.0; 0.0

Aw/h
2

0.00318; 0.00489; 0.00627;
0.00761; 0.00949

-9.6; -4.7; -0.4;
4.8; 11.3

0.0; 0.0; 0.0;
0.0; 0.0

0.0; 0.0; 0.0;
0.0; 0.0

bt/bc

1.100; 1.529; 1.807;
2.140; 2.600

0.0; 0.0; 0.0;
0.0; 0.0

-89.3; -23.2; 2.7;
26.8; 53.7

-69.6; -21.3; 1.3;
23.5; 48.8

6.4.1. Application to numerical case P1

For P1, nlong = 2 and the uniform branch U are adopted.
The dimensionless input quantities required for interpo-
lation are:

tc
h

=
35

2805
= 0.0125,

hw
tw

=
2702

12
= 225.167,

tw
tc

=
12

35
= 0.343,

tt
tc

=
68

35
= 1.943,

γA =
At
Ac

=
650 · 68
550 · 35 = 2.296,

h

bc
=

2805

550
= 5.100,

Ac
h2

=
550 · 35
28052

= 0.0024,

Aw
h2

=
2702 · 12
28052

= 0.0041,

bt
bc

=
650

550
= 1.182.

For a generic quantity x between two tabulated abscis-
sae xa and xb, the contribution is obtained by linear
interpolation:

P (x) = Pa +
x− xa
xb − xa

(Pb − Pa) .

For example, for tc/h = 0.0125, lying between 0.01059
and 0.01491, one obtains:

Pψ,tc/h = 16.3 +
0.0125− 0.01059

0.01491− 0.01059
(42.6− 16.3)

= 27.928,

Pu,U,tc/h = 0.4 +
0.0125− 0.01059

0.01491− 0.01059
(1.1− 0.4)

= 0.709.

Applying the same interpolation to every row of the
nlong = 2 block gives the following contributions:

Variable and P1
value

Interval Pψ,j Pu,U,j

tc/h = 0.0125 0.01059–0.01491 27.928 0.709

hw/tw =
225.167

194.1–300.0 -5.251 0.911

tw/tc = 0.343 0.243–0.680 19.811 0.000

tt/tc = 1.943 1.922–2.244 -11.359 -4.613

γA = 2.296 1.896–3.436 -16.064 -25.466

h/bc = 5.100 4.801–5.200 15.195 0.250

Ac/h
2 = 0.0024 0.00204–0.00241 -1.765 0.000

Aw/h
2 = 0.0041 0.00318–0.00489 -6.964 0.000

bt/bc = 1.182 1.100–1.529 0.000 -76.666

The sums of the contributions are:
∑︂

j

Pψ,j = 27.928− 5.251 + 19.811− 11.359− 16.064

+ 15.195− 1.765− 6.964 = 21.531,
∑︂

j

Pu,U,j = 0.709 + 0.911− 4.613− 25.466

+ 0.250− 76.666 = −104.875.

With b
(2)
ψ = −2.609007 and b

(2)
u,U = 0.361353, the final

values are:

ln ˆ︁κψ = −2.609007 +
21.531

100
= −2.394,

ˆ︁κtabψ = exp(−2.394) = 0.0913,

ln Ξu,0 = 0.361353− 104.875

100
= −0.687,

Ξtab
u,0 = exp(−0.687) = 0.503.

6.5. Manual table for Ξλ

For each variable, the contribution at points between the
five tabulated values is obtained by linear interpolation.
For the configuration nlong = n:

Ξλ = exp

(︃
b
(n)
λ +

∑︁
j Pλ,j

100

)︃
.

The table uses only nominal dimensionless ratios and
fy/E; it does not require prior calculation of It, Iw, zj
or Mcr.

Table 5. Tabulated contributions for the manual calculation of Ξλ, distinguished by the number n = nlong of longitudinal-stiffener levels.
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Variable Input values Pλ

nlong = 0: bλ = −2.105917

bt/bc

1.100; 1.529; 1.807;
2.140; 2.600

36.7; 12.0; -0.2;
-13.4; -28.5

h/bc

3.512; 3.948; 4.312;
4.801; 5.200

-26.5; -12.0; 0.0;
13.3; 23.8

hw/tw

100.0; 123.3; 150.8;
194.1; 300.0

17.7; 9.3; 1.4;
-8.8; -26.9

tw/tc

0.24300; 0.68000; 0.76000;
0.86140; 1.438

24.4; -0.2; -1.6;
-2.6; -2.7

bc/tc

13.50; 21.30; 26.80;
33.00; 71.80

2.4; 2.4; 1.4;
-1.3; -13.7

Table 5 – continued.

Variable Input values Pλ

nlong = 0 – continued

tc/h

0.00375; 0.00720; 0.00900;
0.01059; 0.01491

12.0; 2.6; -0.2;
-2.6; -14.7

fy/E

0.00160; 0.00169; 0.00200;
0.00219; 0.00219

-9.8; -5.0; 0.9;
4.0; 4.0

tt/tc

1.600; 1.922; 2.244;
2.600; 3.000

8.4; 3.9; -0.1;
-3.9; -7.6

Table 5 – continued.

Variable Input values Pλ

nlong = 1: bλ = −1.991286

bt/bc

1.100; 1.529; 1.807;
2.140; 2.600

35.7; 11.6; -0.3;
-13.0; -27.6

h/bc

3.512; 3.948; 4.312;
4.801; 5.200

-27.8; -12.3; -0.2;
13.7; 24.6

hw/tw

100.0; 123.3; 150.8;
194.1; 300.0

16.3; 10.0; 2.0;
-8.5; -28.5

tw/tc

0.24300; 0.68000; 0.76000;
0.86140; 1.438

23.0; -0.3; -1.1;
-2.1; -2.1

bc/tc

13.50; 21.30; 26.80;
33.00; 71.80

1.3; 1.3; 1.0;
-0.7; -9.5

Table 5 – continued.

Variable Input values Pλ

nlong = 1 – continued

tc/h

0.00375; 0.00720; 0.00900;
0.01059; 0.01491

15.4; 3.2; -0.3;
-3.1; -17.6

fy/E

0.00160; 0.00169; 0.00200;
0.00219; 0.00219

-9.2; -5.0; 0.9;
4.1; 4.1

tt/tc

1.600; 1.922; 2.244;
2.600; 3.000

7.8; 3.5; -0.2;
-3.5; -7.0

ts/h

0.00250; 0.00359; 0.00430;
0.00524; 0.00756

-1.1; -0.9; -0.3;
0.7; 3.0

Table 5 – continued.

Variable Input values Pλ

nlong = 2: bλ = −1.987457

bt/bc

1.100; 1.529; 1.807;
2.140; 2.600

34.9; 11.4; -0.3;
-12.7; -26.9

h/bc

3.512; 3.948; 4.312;
4.801; 5.200

-27.7; -12.2; -0.2;
13.5; 24.4

hw/tw

100.0; 123.3; 150.8;
194.1; 300.0

15.9; 9.5; 1.9;
-8.1; -27.5

tw/tc

0.24300; 0.68000; 0.76000;
0.86140; 1.438

21.7; -0.3; -0.9;
-1.9; -1.9

bc/tc

13.50; 21.30; 26.80;
33.00; 71.80

1.2; 1.2; 0.9;
-0.6; -8.7
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Table 5 – continued.

Variable Input values Pλ

nlong = 2 – continued

tc/h

0.00375; 0.00720; 0.00900;
0.01059; 0.01491

14.9; 3.2; -0.3;
-3.1; -16.4

fy/E

0.00160; 0.00169; 0.00200;
0.00219; 0.00219

-9.6; -5.1; 0.9;
4.2; 4.2

tt/tc

1.600; 1.922; 2.244;
2.600; 3.000

7.2; 3.4; -0.2;
-3.3; -6.4

ts/h

0.00250; 0.00359; 0.00430;
0.00524; 0.00756

-1.1; -0.9; -0.3;
0.6; 2.8

6.5.1. Application to numerical case P1

For P1, the nlong = 2 block is used, with b
(2)
λ =

−1.987457. The additional quantities required by this
table are:

bc
tc

=
550

35
= 15.714,

fy
E

=
335

210000
= 0.0016,

ts
h

=
10

2805
= 0.0036.

The remaining quantities coincide with those already
determined for the preceding table. As an illustrative
example, for bt/bc = 1.182, between 1.100 and 1.529:

Pλ,bt/bc = 34.9 +
1.182− 1.100

1.529− 1.100
(11.4− 34.9)

= 30.408.

The interpolated contributions for all variables are:

Variable and P1 value Interval Pλ,j

bt/bc = 1.182 1.100–1.529 30.408

h/bc = 5.100 4.801–5.200 21.668

hw/tw = 225.167 194.1–300.0 -13.791

tw/tc = 0.343 0.243–0.680 16.666

bc/tc = 15.714 13.50–21.30 1.200

tc/h = 0.0125 0.01059–0.01491 -8.980

fy/E = 0.0016 0.00160–0.00169 -9.600

tt/tc = 1.943 1.922–2.244 3.165

ts/h = 0.0036 0.00359–0.00430 -0.892

Therefore:
∑︂

j

Pλ,j = 30.408 + 21.668− 13.791 + 16.666 + 1.200

− 8.980− 9.600 + 3.165− 0.892 = 39.844,

ln Ξλ = −1.987457 +
39.844

100
= −1.589,

Ξtab
λ = exp(−1.589) = 0.204.

Note. The values ˆ︁κtabψ , Ξtab
u,0 and Ξtab

λ are those obtained
from the tabular reduction using linear interpolation be-
tween the stated abscissae. They must not be confused
with the values obtained directly from the complete
polynomial maps, which may differ.

Applying the maps in Eq. (26), with nlong = 2 and
the uniform branch (C1 = 1.000), gives the three coor-
dinates required to read the charts:

ˆ︁κψ = 0.0913, Ξu,0 = 0.503, Ξλ = 0.204. (55)

For Fig. 11, the upper row corresponding to the uniform
branch is used. The value ˆ︁κψ = 0.0913 lies between the
0.075 and 0.112 panels, while Ξu,0 = 0.503 lies between
the 0.49 and 0.94 curves. Interpolation at ℓb = 1.711, or
application of Eq. (27), gives:

ψτ = ˆ︁κψℓb = 0.156, ˆ︁uτ = 0.497 . (56)

Figure 12 again requires the uniform-branch row. The
value Ξλ = 0.204 is close to the 0.19 curve; interpolation
between the ˆ︁κψ panels at ℓb = 1.711, or application of
Eq. (28), gives:

ˆ︁λτ = 0.347, ˆ︁qτ = 0.0970 . (57)

Equations (56) and (57) show that the torsional block is
obtained from the charts without determining It, Iw, zg,
zj or Mcr. The exact proxy values, used only for audit
purposes, are uτ = 0.496973 and qτ = 0.096946.

The basic parameter in Eq. (10) is:

α0 =
A2
c

My,RkLb

=
(19250.00)2

(22764.97 · 100)(480.00) = 0.339.

(58)

Because xL = ln[(Lb/L)/0.10] = 0, Eq. (11) gives:

kL = 1.0000. (59)

The geometric variables in Eq. (12) are:

xh = 0.243, xw = 0.224,

xb = −0.0151, xt = −0.0289.
(60)

With N1 = 0 and N2 = 1, Eq. (14) gives:

qh = 0.309, qw = −0.0757,

qb = −0.309, qt = −0.0933.
(61)

Therefore, from Eq. (15):

Bs = 1.0599, Cf = 1.0074. (62)
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The direct factors in Eq. (16) are equal to one. Sub-
stituting the readings from Eqs. (56) and (57) into the
polynomial in Eq. (18) gives:

Pτ = 0.314, kτ = exp(Pτ ) = 1.369. (63)

For the boundary domain, Eq. (20) gives:

kD = 1.0256. (64)

The P1 case lies in the cell nlong = 2, uniform branch,
1.6 ≤ ℓb < 2.2; the local realignment in Eq. (29) is (or,
equivalently, from Table 6):

kA = 1.0335. (65)

Substituting the factors in Eqs. (58)–(65) into Eq. (29)

Table 6. Values of the local realignment coefficient kA as functions of the
domain, model branch, dimensionless length ℓb = Lb/h and number
n = nlong of stiffener configurations considered.

ℓb,min ℓb,max n = 0 n = 1 n = 2

Frequent/usual; uniform branch C1 = 1.000

0.9 1.2 1.0190 1.0211 1.0205
1.2 1.6 1.0206 1.0221 1.0227
1.6 2.2 1.0243 1.0259 1.0268
2.2 3.0 1.0292 1.0308 1.0322
3.0 4.0 1.0348 1.0363 1.0386
4.0 5.5 1.0373 1.0387 1.0414

Frequent/usual; parabolic branch C1 = 1.132

4.0 5.5 1.0316 1.0285 1.0323
5.5 7.0 1.0273 1.0302 1.0278
7.0 10.0 1.0306 1.0349 1.0320

Less frequent/boundary; uniform branch C1 = 1.000

0.0 0.9 1.0188 1.0212 1.0206
0.9 1.2 1.0191 1.0235 1.0232
1.2 1.6 1.0228 1.0280 1.0276
1.6 2.2 1.0283 1.0338 1.0335
2.2 3.0 1.0349 1.0429 1.0411
3.0 4.0 1.0424 1.0535 1.0512
4.0 5.5 1.0468 1.0594 1.0568

Less frequent/boundary; parabolic branch C1 = 1.132

4.0 5.5 1.0426 1.0575 1.0536
5.5 7.0 1.0490 1.0621 1.0577
7.0 10.0 1.0420 1.0553 1.0493

gives:

ˆ︁αabaco
LT = (0.339)(1.0000)(1.0599)(1.0074)

× (1.369)(1.0256)(1.0335)

= 0.525.

(66)

The corresponding equivalent resistance moment and
utilisation ratio are:

Mapp,abaco
b,Rd =

A2
c

ˆ︁αabaco
LT Lb

= 14704.86 kNm,

ηapp,abaco =
MEd

Mapp,abaco
b,Rd

= 1.517 > 1.000.
(67)

The graphical prediction is conservative relative to the
complete EN 1993 procedure. Using the unrounded
value of αEC3

LT from Eq. (52) gives:

ρabacoP1 =
ˆ︁αabaco
LT

αEC3
LT

= 1.185 > 1.000. (68)

The approximate procedure therefore also fails the veri-
fication, in agreement with EN 1993, while providing
a lower resistance and a more severe utilisation ratio.
The complete comparison is summarised in Table 7.

7. Operational conclusions on the REV3 sta-
tistical parametric procedure

The REV3 campaign confirms a conservative formulation
for all 1809504 statistical rows. The independent test
subset contains no cases with ρ < 1 and no exceedances
of the limits 1.150 and 1.2075. The dimensionless de-
sign charts preserve the conservatism of the complete
formula after propagation over all 603168 physical com-
binations.

The procedure is limited to the declared support
and to the simply supported beam model using the
coefficient rule in Eq. (8). Outside this support, or
for structural schemes, loads or restraints not repre-
sented in the campaign, the complete EN 1993 ver-
ification must be applied, where appropriate supple-
mented by numerical modelling. The release package
retains the populations, coefficients, scripts, audits, fig-
ures and application under the same version identifier
REV3_FIXED_THIRDS_A09_gammaM1_1.10_M3_DOMAIN.

8. Finite-element models and comparison
with EN 1993

8.1. Modelling framework

The comparison among the EN 1993 formulation, LT-
BeamN analyses and the subsequent finite-element mod-
els developed in LUSAS must be interpreted in light of
the differing purposes of the three approaches. EN 1993
is a design procedure: it does not end with the determi-
nation of the elastic critical moment Mcr, but proceeds
to the evaluation of the lateral-torsional slenderness,
reduction factor and design resistance moment:

Mcr −→ λLT −→ χLT −→Mb,Rd

Within this sequence, the effects of geometric imperfec-
tions, residual stresses, cross-section classification and
any effective reduction of slender parts are not repre-
sented by a single explicit geometric model; rather, they
are introduced through buckling curves, imperfection
factors, classification rules and the resistance formula-
tions prescribed by the standard [7, 8, 9].

Consequently, a direct comparison between a linear
FEM eigenvalue result and an EN 1993 design resistance
must be made with caution. A linear elastic bifurcation
analysis provides a critical load multiplier and a mode
shape for the idealised system, generally assuming per-
fect geometry, linear elastic material behaviour and no
initial imperfections. As a first approximation, this re-
sult may be compared with an elastic critical moment
Mcr, but it does not directly coincide with the design
resistance moment Mb,Rd. In concise form:

MFEM,lin
cr ̸=MEN

b,Rd
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Procedure αLT Mb,Rd [kNm] η Outcome

Complete EN 1993, γM1 = 1.10 0.44 17409.55 1.28 Not verified.
Parametric procedure (REV3 statistical model) 0.53 14704.86 1.52 Not verified; conservative prediction.

Table 7. Comparison between the complete EN 1993 verification and the REV3 approximate procedure using manual design-chart readings for section
P1. Values are calculated at full precision and rounded only for presentation: maximum deviation of 18% for a section in the “less frequent/boundary”
domain.

By contrast, a more direct comparison between a nu-
merical model and a design resistance requires geomet-
rically nonlinear and, where necessary, materially non-
linear analyses including initial imperfections, by means
of GNIA or GMNIA. In such analyses, the selected shape
and amplitude of the initial imperfection play a decisive
role, as also highlighted by the specialist literature on
lateral-torsional buckling of steel beams [38, 39, 17].

A first source of discrepancy is therefore the quan-
tity being compared. The closed-form expressions used
within EN 1993/NCCI determine the elastic critical mo-
ment through equivalent coefficients that condense the
bending-moment distribution, the load application level
and the effects of monosymmetry. In particular, coeffi-
cients C1, C2 and C3 reduce real cases, characterised
by bending-moment diagrams and distributed loads, to
a closed-form expression for Mcr [1]. By contrast, an
FEM model can represent the geometry, load distribu-
tion, restraint positions and global critical mode directly,
and therefore does not necessarily reproduce the same
condensation embodied in the equivalent coefficients.

A second aspect concerns the actual load position. In
closed-form expressions, the stabilising or destabilising
effect of a vertical load is represented by assigning a
level relative to the shear centre, often taken at the top
surface of the upper flange when the load is applied
through fresh concrete or temporary works. In a more
detailed FEM model, however, the self-weight of the
steel girder is not physically applied at the top surface
of the upper flange; it arises from the mass distribu-
tion and its resultant passes through the cross-section
centroid. Conversely, the weight of fresh concrete and
other construction loads may be applied closer to the
top surface. This distinction changes the effective value
of zg, and hence the stabilising or destabilising load
contribution in the lateral-torsional buckling problem.

A third source of difference concerns restraint mod-
elling. In the EN 1993 procedure, the unrestrained
segment is often idealised by a length Lb between per-
fect restraints, assuming that the restraints effectively
prevent lateral displacement and torsional rotation of
the cross-section. In an FEM model, restraints may
instead have finite stiffness, eccentricity relative to the
shear centre, local constraints applied to flanges or cross-
girders, non-rigid connections and interactions with the
transverse system. These details may alter the critical
mode shape and the associated elastic multiplier.

A fourth aspect concerns local cross-section deforma-
bility. EN 1993 verifications distinguish cross-sectional
resistance through classification and, for slender ele-
ments, through effective properties. A linear FEM eigen-

value model based on one-dimensional beam/frame el-
ements does not represent local flange buckling, web
distortion or local shear buckling of the panels. Even
a three-dimensional shell model, when purely linear,
returns an elastic critical load rather than an ultimate
resistance including yielding, imperfections and residual
stresses. These effects can be assessed more consistently
only through appropriately calibrated nonlinear analy-
ses incorporating initial imperfections [38, 39].

For these reasons, values of Mcr obtained from lin-
ear FEM analyses that exceed those calculated using
closed-form EN 1993/NCCI expressions should not au-
tomatically be regarded as anomalous. Rather, they
indicate that the elastic numerical model and the closed-
form expression adopt different idealisations of loads,
restraints, load application levels, moment distribution
and cross-section representation. Reductions associated
with imperfections, residual stresses, classification and
the actual resistance of the girder enter at the subse-
quent stage, namely in the transition from Mcr to Mb,Rd.
The most appropriate comparisons are therefore:

MEN
cr ↔MFEM,lin

cr , MEN
b,Rd ↔MFEM,nonlin

b,Rd

where the second comparison requires a nonlinear
model with appropriate geometric imperfections, mate-
rial constitutive law, any residual stresses and collapse
criteria consistent with the ultimate limit state. From
this perspective, the preliminary use of LTBeamN and
the subsequent LUSAS modelling are not intended to
replace the EN 1993 procedure, but to complement it
through progressively more detailed numerical represen-
tations. LTBeamN provides a preliminary global elastic
eigenvalue check using one-dimensional beam/frame
elements; LUSAS allows a more detailed finite-element
model to be developed that can represent the actual
geometry, stiffeners, restraints, load distribution and
local deformability and can, where required, support
nonlinear analyses incorporating imperfections. Dif-
ferences among the results of the various approaches
should therefore be regarded as expected and, when
consistent with the adopted assumptions, provide useful
insight into the margin between the code formulation,
the global elastic model and the subsequent detailed
FEM analysis.

8.2. Software used

The analyses were performed using LTBeamN and
LUSAS. In particular, LTBeamN v. 2.0.2, developed
by CTICM for the analysis of lateral-torsional buck-
ling of structural members using a one-dimensional
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beam-element idealisation, was employed. The
three-dimensional shell-element model was devel-
oped in LUSAS, kit version 23.0-2c4, using LUSAS
Modeller v. 23.0.1636.56115 and LUSAS Solver
v. 23.0.1634.8440. The use of both software pack-
ages makes it possible to compare the global response
predicted by the one-dimensional model with that ob-
tained from an explicit representation of the flanges,
web and stiffeners. In both cases, the comparison refers
to a linear elastic eigenvalue analysis, with load, re-
straint and lateral-torsional unrestrained-length condi-
tions matched as closely as practicable. LTBeamN de-
scribes the global girder behaviour through equivalent
cross-sectional properties and does not directly repre-
sent local plate buckling or distortional deformation of
the cross-section. By contrast, the LUSAS model can
exhibit local, distortional and global modes, making it
necessary to examine a sufficiently broad set of eigen-
values to identify the lateral-torsional mode of interest.
The comparison between the two software packages
must therefore consider jointly the critical multiplier,
the number and location of half-waves, and the global
kinematics of the compression flange. The amplitudes
of the mode shapes are not directly comparable be-
cause they depend on the arbitrary normalisation of
the eigenvectors adopted by the respective solvers and
on any graphical amplification factor applied during
post-processing. The displayed displacements there-
fore do not represent physical deformations attained
by the structure; they serve only to make the shape of
the eigenmode associated with the relevant eigenvalue
recognisable. The comparison must be based on the
geometry of the mode shape, considering the number
and position of half-waves, modal nodes, maximum
lateral displacements and sign reversals along the com-
pression flange. A consistent torsional rotation of the
cross-section and any superposition of local or distor-
tional components are also relevant; these are visible
in the shell-element model but cannot be reproduced
by the one-dimensional model. Only by imposing the
same normalisation with respect to a selected degree
of freedom would a quantitative comparison of relative
modal amplitudes be possible, without attributing to
them the significance of actual displacements.

8.3. Geometry and applied loads

8.3.1. Geometric data of the reference cross-section

As a case study, a cross-section comparable with that
used in the two central quarters of the span of the
steel–concrete composite Noce Expressway viaduct near
Lagonegro, Basilicata, was selected (details in [16]).
The viaduct has 10 mm-thick web plates, vertical stiffen-
ers ̸= 250 ·10 at 2415 mm spacing, and one internal pair
of longitudinal stiffeners ̸= 150 · 10, positioned 700 mm
and 1700 mm below the underside of the upper flange.
In the two central quarters, the upper flange consists
of a single plate ̸= 500 · 35, whereas the lower flange
is assembled from two centred superimposed plates

Figure 13. Cross-section analysed. G and S denote, respectively, the
positions of the geometric centroid and shear centre, measured from the
underside of the lower flange. Screenshot from LTBeamN.

̸= 650 · 30 and ̸= 600 · 38, connected by continuous lon-
gitudinal 7 × 7 fillet welds along the lateral offsets of
the upper plate. The overall girder depth in the span
sections reaches 2803 mm.

8.3.2. Geometric data of the analysed cross-section

The analysed cross-section was selected as a similar con-
figuration, but with the web-panel thickness increased
to 12 mm and lower- and upper-flange thicknesses of
68 mm and 35 mm, respectively. The resulting web
depth is 2702 mm, with an overall depth of 2805 mm.
The following data were adopted for the cross-section:

· steel material properties: E = 210000MPa, G =
80769MPa, ν = 0.3, ρ = 7850 kg/m3;

· design span between supports: L = 48.00m;7

· distance of geometric centroid G from the under-
side of the lower flange: zG = 1055.3mm;

· distance of shear centre S from geometric centroid
G: zS = −366.61mm (negative because it lies be-
low centroid G);

· second moment of area about the major y–y axis:
Iy = 1.279× 107 cm4;

· second moment of area about the minor z–z axis:
Iz = 204186 cm4;

· torsion constant: It = 7277.1 cm4 (ArcelorMittal);

7The support restraint sections were deliberately imposed at the
geometric end sections so that the results of the manual code calcu-
lations could be correlated with those of the numerical FEM models.
For the reference structure (the steel–concrete composite Noce Ex-
pressway viaduct near Lagonegro, Basilicata), the end sections of the
steel girders are located 1000 mm from the bearing centre-lines [16].
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Figure 14. Longitudinal girder layout showing the end supports and torsional-restraint sections. Figure extracted from LTBeamN. Torsional restraint
conditions imposed at the ends of the segments Lb = 4.80m: v and θ fixed; v′ and θ′ free. Conditions imposed at the supported ends: u and w fixed;
w′ free. Reference axes: U (longitudinal direction), V (transverse direction, into the plane of the page), and W (vertically upwards).

Figure 15. Equivalent uniformly distributed load applied at the top surface of the upper flange. Figure extracted from LTBeamN.

· warping constant: Iw = 2.805× 109 cm6;

· cross-sectional area: A = 958.74 cm2;

· effective shear area along the principal y–y axis
(parallel to the flanges): Av,y = 634.5 cm2;

· effective shear area along the principal z–z axis
(parallel to the web): Av,z = 330.42 cm2;

· elastic section modulus at the upper fibre (bending
about the major y–y axis): Wel,y,sup = 73095 cm3;

· elastic section modulus at the lower fibre (bending
about the major y–y axis): Wel,y,inf = 121200 cm3;

· plastic section modulus (bending about the major
y–y axis): Wpl,y = 96494 cm3;

· elastic section modulus at the extreme fibres (bend-
ing about the minor z–z axis): Wel,z = 6282.6 cm3;

· plastic section modulus (bending about the minor
z–z axis): Wpl,z = 9926.6 cm3.

8.3.3. Equivalent load data

The complete load analysis for the casting stage is given
in Section 6.1. The maximum design moment adopted
in the analytical and numerical comparisons is:

MEd = 22325.00 kNm.

To impose the same action level in the different models,
this moment is reproduced by a fictitious uniformly

distributed load applied at the top surface of the upper
flange:

p∗ =
8MEd

L2

=
8 · 22325.00 kNm

(48.00m)2
= 77.52 kN/m.

8.4. Analysis using LTBeamN v.2.0.1 and EN 1993
guidance

As an additional check of the proposed procedure, a
preliminary numerical lateral-torsional buckling analy-
sis was carried out using LTBeamN v.2.0.1, developed
by CTICM. The software should not be regarded as a
detailed three-dimensional FEM model of the girder,
but as an eigenvalue model based on one-dimensional
beam/frame finite elements, hereafter also referred to as
beam/frame elements. From this perspective, LTBeamN
provides an intermediate level of verification between
the EN 1993 analytical/code formulation and the sub-
sequent three-dimensional FEM modelling performed
using LUSAS.

Before presenting the numerical comparison, it should
be clarified that in this subsection the expression “gross
steel cross-section” denotes the steel girder alone, with-
out any contribution from the composite slab, longitu-
dinal stiffeners or Class 4 effective-section reductions.
The elastic properties used in the comparison, including
Iz, It, Iw and βz, are therefore those of the gross cross-
section adopted in the LTBeamN model. The critical
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moment denoted below by MEN,gross section
cr is conse-

quently the elastic critical moment obtained from the
EN 1993/ENV–NCCI closed-form expression applied to
the same gross elastic cross-section used in LTBeamN.

It is important to state the limitations of the approach
from the outset. LTBeamN determines the global out-of-
plane elastic bifurcation of the girder, associated with
lateral displacement, torsion and lateral-torsional buck-
ling, but does not perform code resistance checks. The
software output is therefore not a design resistance mo-
ment, but a global elastic critical moment. The software
does not classify the cross-section according to EN 1993,
determine effective sections, calculate the reduction
factor χLT directly, or check local plate buckling. In
particular, cross-sections are assumed to remain unde-
formed in their own plane; local buckling of the flanges
or web, cross-section distortion, local shear buckling of
web panels and local mechanisms governed by stiffeners
are therefore not modelled. Any shear contribution to
the energy balance of the global elastic problem must
not be interpreted as a web shear-buckling verification.

The LTBeamN model can therefore be used to check
the global elastic critical moment Mcr and the corre-
sponding mode shape, but it replaces neither the EN
1993 verification nor a detailed FEM model. In this
study, it precedes the LUSAS analysis, providing a pro-
gressive transition from the code-based closed-form ex-
pression to a more advanced numerical representation
and anticipating possible discrepancies arising from the
differing levels of idealisation.

The software determines the elastic critical multiplier
of the system through an eigenvalue formulation for the
restrained girder, using lateral displacement, torsional
rotation, lateral bending rotation and warping deforma-
tion as out-of-plane degrees of freedom. In concise form,
the problem solved by the software may be written as:

[KL − µcrKG]X = 0

from which the maximum elastic critical moment is
obtained as:

MLTB
cr = µcrMmax

The resulting value is therefore not a design resistance,
but the global elastic critical moment of the numerical
model, which may be used as input or as a comparison
value in the subsequent EN 1993 stability verification.

In the model considered, lateral-torsional restraints
were placed at the transverse members, with the
adopted spacing:

Lb = 4.80m

The restraints were applied at the shear centre of the
cross-section, preventing lateral displacement and tor-
sional rotation while leaving lateral bending rotation
and warping deformation free. In kinematic terms, the
adopted condition is:

v = 0 θ = 0 v′ free θ′ free

This configuration is consistent with the effective lateral-
torsional restraint assumed in the EN 1993 procedure, in

which the unrestrained segment is taken as the distance
between consecutive restraints capable of preventing
lateral displacement and torsional rotation of the cross-
section.

The vertical load was applied at the top surface of
the upper flange so that the numerical model includes
the destabilising effect of the load application level
relative to the shear centre. For the same structural
scheme, LTBeamN therefore provides the global elastic
critical moment of the restrained girder, whereas the EN
1993/NCCI procedure used in this study calculates the
elastic critical moment through a closed-form expression
of the following type:

MEC3
cr = C1

π2EIz

(kLb)
2
g

[︄(︄(︃
k

kw

)︃2
Iw
Iz

+
(kLb)

2
GIt

π2EIz

+ (C2zg − C3zj)
2

)︄1/2
− (C2zg − C3zj)

]︄

A particularly sensitive aspect of the formulation is the
sign convention for the monosymmetry term zj . In this
study, the term is defined as:

zj = zs −
1

2Iy

∫︂

A

z
(︁
y2 + z2

)︁
dA

where zs is the elevation of the shear centre relative
to the cross-section centroid, using the sign convention
adopted in the cross-section geometry.

Introducing the Wagner vertical asymmetry coeffi-
cient:

βz =
1

2Iy

∫︂

A

z
(︁
y2 + z2

)︁
dA− zs

gives:
zj = −βz

With the convention adopted for the cross-section con-
sidered:

zg > 0 zj < 0

Therefore, in the combination appearing in the elastic
critical-moment formulation:

∆ = C2zg − C3zj

the monosymmetry contribution has an additive sign:

−C3zj = +C3 |zj |

and hence:
∆ = C2zg + C3 |zj |

This increases the equivalent term ∆, and its sign is
retained in the closed-form expression. The overall nu-
merical outcome also depends on C1, torsional stiffness
and warping stiffness; the relative order of MEC3

cr and
the LTBeamN value therefore cannot be inferred a priori
from the sign of zj alone.

To clarify the difference between the two approaches,
a direct comparison was made between the elastic crit-
ical moment returned by LTBeamN and that obtained
from the EN 1993/ENV–NCCI closed-form expression.
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The comparison assumed the gross steel cross-section,
namely the steel section without the contribution of the
composite slab, longitudinal stiffeners or any effective-
section reductions. For this specific comparative check,
the EN 1993/ENV–NCCI calculation used the same elas-
tic cross-sectional properties as the LTBeamN model. In
other words, Iz, It, Iw and βz were not recalculated
using the parametric engine with stiffeners, but were
taken directly from the gross-section geometric data re-
ported by the software. The principal elastic properties
adopted are:

Av,z = 330.42 cm2

Iy = 1.279 · 107 cm4

Iz = 204186 cm4

It = 7277.1 cm4

Iw = 2.805 · 109 cm6

βz = 66.09 cm

With this arrangement, the comparison is unaffected by
possible differences in the reconstruction of the cross-
sectional properties: LTBeamN and the EN 1993/ENV–
NCCI expression use the same underlying elastic cross-
section. The difference between the results therefore
depends solely on the different formulation of the elastic
buckling problem, and not on different assumptions for
Iz, It or Iw.

The elastic and plastic section moduli reported by the
software are:

Wel,y,sup = 73095 cm3

Wel,y,inf = 121200 cm3

Wel,z = 6282.6 cm3

Wpl,y = 96494 cm3

Wpl,z = 9926.6 cm3

These moduli are reported only as a geometric check of
the gross cross-section without longitudinal stiffeners.
They do not enter the elastic calculation of Mcr and
must not be confused with the section moduli used in
the code resistance verification, which depend on the
cross-section class. The distance between the vertical
load application point, located at the top surface of the
upper flange, and the shear centre is:

zg ≃ 211.63 cm = 2116.3mm

whereas, with the adopted convention:

zj = −βz ≃ −66.09 cm = −660.9mm

For comparison with the LTBeamN model, the actual
lateral-torsional unrestrained length of the segment be-
tween two consecutive restraints must be used, namely
Lb = 4.80m. Since Lb/L = 0.10 < 0.25, the rule in
Eq. (8) assigns the locally uniform-moment model to
the short segment:

C1 = 1.000, C2 = 0.000, C3 = 1.000.

The load remains applied above the upper flange, but zg
does not appear directly in this branch because C2 = 0.
The equivalent term is (LTBeamN follows the convention
in Fig. 1 on page 4):

∆ = C2zg − C3zj

= 0− 1 · (−660.9mm)

= 660.9mm.

Using the same elastic cross-sectional properties as in
the LTBeamN model, the corrected EN 1993 core gives:8

MEN,sez.lorda
cr = 128966.96 kNm.

For the same gross cross-section, restraint arrangement
and load applied above the upper flange, the LTBeamN
model gives (fig. 16):

MLTB
cr,1 = 146022 kNm.

The ratio is therefore:

MLTB
cr,1

MEN,sez.lorda
cr

=
146022

128967
= 1.132.

The closed-form expression therefore gives a critical mo-
ment approximately 13.2% lower than that obtained
from the LTBeamN model. In general, the difference
cannot be attributed to the longitudinal stiffeners, which
are absent from both models in this particular compari-
son, nor to different values of Iz, It or Iw; it arises from
the different level of idealisation of the global problem
and from the condensation of the effects in the analyti-
cal segment model.

LTBeamN directly solves the global elastic bifurcation
problem of the complete girder through an eigenvalue
analysis based on one-dimensional beam/frame finite
elements, explicitly representing the lateral-torsional
restraint system, the load position relative to the shear
centre and the global critical mode of the restrained
girder. This representation nevertheless assumes an un-
deformable cross-section and does not include local or
distortional modes of the component plates. By contrast,
the EN 1993/ENV–NCCI formulation reduces the prob-
lem to an equivalent segment of length Lb, in which the
effects of moment distribution, load application level
and cross-sectional monosymmetry are condensed into
C1, C2, C3, zg and zj .

For the case considered, using the same elastic cross-
sectional properties and the coefficient rule adopted
in the REV3 calibration, the global elastic eigenvalue
analysis therefore gives an Mcr value higher than that
obtained from the EN 1993/ENV–NCCI closed-form ex-
pression. This is not anomalous, but reflects the dif-
ferent levels of idealisation of the two approaches: the
LTBeamN numerical model describes the global out-of-
plane behaviour of the restrained girder as a whole,
whereas the code closed-form expression adopts an
equivalent and necessarily condensed representation

8Detailed calculations are omitted for reasons of space.
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Figure 16. Mode shape associated with the first elastic lateral-torsional buckling mode obtained using LTBeamN v.2.0.1. The intermediate restraints
are modelled as point restraints applied at the shear centre, preventing lateral displacement v and torsional rotation θ of the cross-section. The lateral
bending rotation v′ and warping deformation θ′ remain free; the adopted restraint is therefore equivalent to a fork-type restraint with free warping.
For the first buckling mode, the software gives an elastic critical multiplier of approximately µcr,1 = 6.541, corresponding to MLTB

cr,1 = 146022 kNm

for the load applied above the upper flange.

of the problem. The comparison should therefore be
read as a preliminary global elastic check, not as valida-
tion of the girder resistance or as exclusion of possible
local criticalities.

The coefficients C1, C2 and C3 must therefore be
selected for the actual lateral-torsional unrestrained seg-
ment being verified. Intermediate restraints do not alter
the global vertical static scheme, which remains a sim-
ply supported girder under distributed load, but they
do change the length available to the lateral-torsional
mode. The coefficients are therefore assigned as func-
tions of Lb/L through the two-branch rule in Eq. (8),
applied to the segment being checked.

The comparison between LTBeamN and the EN
1993/ENV–NCCI procedure must therefore be inter-
preted as a comparison between two different levels
of modelling. The former is a global numerical eigen-
value model based on one-dimensional beam/frame
finite elements and restricted to global elastic out-of-
plane modes; the latter is a closed-form code proce-
dure based on equivalent coefficients. The observed
differences between MLTB

cr and MEC3
cr are mainly at-

tributable to the different representation of the global
critical mode, the condensation of the destabilising load
into C2zg−C3zj , and the representation of monosymme-
try by zj in the EN 1993/ENV–NCCI expression. Once
the elastic critical moment has been determined accord-
ing to EN 1993/ENV–NCCI, the rigorous verification
proceeds through evaluation of the lateral-torsional slen-
derness, reduction factor and design resistance moment:

MEC3
cr −→ λLT −→ χLT −→MEC3

b,Rd

For Class 4 cross-sections, this sequence also requires
determination of the effective cross-sectional properties,
because bending resistance cannot be evaluated using

gross section moduli alone.
The approximate procedure proposed in this study

is positioned at the final stage of this framework. It
is not calibrated to reproduce on a pointwise basis the
MLTB
cr value provided by LTBeamN, but to provide an

operational estimate of the equivalent resistance mo-
ment that is consistent with, and conservative relative
to, the EN 1993 procedure. In this form, the verification
is expressed as:

A2
c ≥ ˆ︁αLT (p)MeqLb

or, in terms of the equivalent resistance moment:

Mapp
b,Rd =

A2
c

ˆ︁αLT (p)Lb

The relationship among the three calculation levels
must therefore be read in the following logical order:
LTBeamN provides a preliminary numerical check of the
global elastic critical moment; the EN 1993/ENV–NCCI
procedure provides the code reference for determin-
ing MEC3

b,Rd ; and the proposed approximate procedure
provides a simplified, conservative estimate of Mb,Rd

calibrated against the EN 1993 procedure rather than
directly against the eigenvalue model.

From this perspective, any differences betweenMLTB
cr

andMEC3
cr do not invalidate the approximate procedure,

but highlight the different levels of idealisation of the
global numerical model and the code closed-form ex-
pression. The proposed procedure should therefore be
understood as an operational tool for preliminary sizing
and verification, to be used within the declared calibra-
tion domain and with the formula derived from the sta-
tistical analysis and the stated domain limits. For cases
close to those limits, or where the torsional effectiveness
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of the restraint system cannot be clearly demonstrated,
the approximate procedure should be supplemented by
a more detailed finite-element model.

The subsequent three-dimensional FEM investigation
of the girder using LUSAS enabled a more direct assess-
ment of the actual stiffness of the transverse restraints,
local plate deformability, interaction among flanges,
web and stiffeners, and the possible occurrence of lo-
cal or distortional modes not represented by LTBeamN.
The LUSAS analysis therefore constitutes the detailed
finite-element modelling stage following the preliminary
eigenvalue check using one-dimensional beam/frame
finite elements and permits a more complete interpre-
tation of the discrepancies among the EN 1993 closed-
form formulation, the LTBeamN beam-element model
and the three-dimensional numerical behaviour of the
girder represented by two-dimensional shell elements.

9. FEA using LUSAS

9.1. Modelling notes on buckling analysis

9.1.1. Introduction to buckling analysis

The buckling analysis depends on the applied loads and
on the order in which they are applied. In most sim-
ulations, it is advisable to consider gravity effects in
a separate load case. Moreover, the buckling analysis
depends on the initial geometry adopted for the model.
A theoretically perfect geometry, free from imperfec-
tions, will produce results that differ substantially from
those obtained for an initially deformed or imperfect
geometry.

An eigenvalue buckling analysis requires the use of
elements with geometrically nonlinear capabilities, so
that additional stress–strain terms can be included in
the stiffness matrix.

9.1.2. Theoretical background in LUSAS

In the present numerical model, the lateral-torsional
buckling of the girder is investigated through a three-
dimensional shell-element discretisation. The opera-
tional reference is consistent with the LUSAS example
Buckling Analysis of a Plate Girder, in which the plates
forming the steel girder, including the web, flanges
and stiffeners, are modelled using quadratic quadri-
lateral surface elements identified as QSL8 thick shell
elements [32]. From a theoretical standpoint, however,
the LUSAS Theory Manual classifies the QSL8 element
within the Semiloof Thin Shell family [31]. This appar-
ent terminological difference arises because the QSL8
is formulated from a degenerated three-dimensional
thick-shell element, upon which Kirchhoff kinematic
constraints are subsequently imposed to obtain thin-
shell performance.

As shown by the nodal configuration of the QSL8 ele-
ment reported in the LUSAS Theory Manual, Fig. 7.7.3-3,
p. 178 (see Fig. 18), the quadrilateral semiloof element
retains translational displacements at the corner and

Figure 17. Geometric layout of the QSL8 element used in LUSAS shell
modelling: the corner and midside nodes define the element midsurface,
while the natural coordinates ξ, η govern the isoparametric interpolation.
Source: LUSAS, Theory Manual, Volume 2, Fig. 7.7.3-8, p. 181 [31]

Figure 18. Final nodal configuration of the QSL8 quadrilateral semiloof
element, showing the translational degrees of freedom U , V , W and
the rotations associated with the loof nodes. Source: LUSAS, Theory
Manual, Volume 2, Fig. 7.7.3-3, p. 178 [31]

midside nodes, whereas rotations are associated with
the loof nodes.

In particular, the manual describes the QSL8 as a
doubly curved isoparametric shell element (Fig. 17) in
which displacements and rotations are initially assumed
to be independent. The final nodal configuration retains
translational displacements (along the three principal
Cartesian directions):

U, V, W

at the corner and midside nodes, while rotations are
associated with the so-called loof nodes. The transition
from the degenerated “thick” shell formulation to “thin”
shell behaviour is obtained by imposing the discrete van-
ishing of the transverse shear strains. In symbolic form,
the following constraint is imposed for transverse shear
tangential to the element edge (an internal kinematic
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constraint of the shell element):

γt = θy −
∂w

∂x
= 0,

where γt is the transverse shear strain tangential to the
element edge, w is the transverse displacement (out of
the midsurface plane of the shell element), ∂w/∂x is the
slope of the deformed midsurface in the local x direction,
and θy is the rotation of the normal to the midsurface
about the local y axis. The condition θy = ∂w/∂x indi-
cates that the rotation of the normal is constrained to
coincide with the slope of the transverse deflection. In
other words, along all the element edges, the normal to
the midsurface remains normal to the deformed midsur-
face after deformation (the Kirchhoff–Love hypothesis
for thin plates and shells: γxz = γyz = 0). In a “thick
shell” element based on the Mindlin–Reissner formula-
tion, the director initially normal to the midsurface may
rotate independently of the geometric normal to the
deformed midsurface. In kinematic terms, the rotation
θy of this material direction may therefore differ from
the slope ∂w/∂x of the deformed midsurface:

γt = θy −
∂w

∂x
̸= 0.

The quantity γt represents the transverse shear strain:
it measures the angular misalignment between the ma-
terial direction through the thickness and the geometric
normal to the deformed midsurface.

Further kinematic conditions imposed over the ele-
ment area and along its edges are expressed by the
following integral forms:
∫︂

A

γxz dA = 0,

∫︂

A

γyz dA = 0,

∫︂

S

γn dS = 0.

These constraints eliminate transverse shear modes that
are incompatible with the Kirchhoff kinematic hypothe-
sis and allow certain internal degrees of freedom to be
condensed out, while retaining a formulation suitable
for representing the bending and membrane response
of stiffened thin plates.

In the linear range, the strain–displacement relation-
ship adopted for the shell is expressed, in the local
element system, by the membrane components:

εx =
∂u

∂x
, εy =

∂v

∂y
, γxy =

∂u

∂y
+
∂v

∂x
,

and by the bending curvatures:

ψx ≃ −∂
2w

∂x2
, ψy ≃ −∂

2w

∂y2
, ψxy ≃ −2

∂2w

∂x∂y
.

For an isotropic elastic material, the shell constitutive
law may be written by separating the membrane contri-
bution (Dm) from the bending contribution (Db):

D =

[︃
Dm 0
0 Db

]︃
,

which, in the usual form of resultant stiffness per unit
width, are given by:

Dm =
Et

1− ν2

⎡
⎢⎣
1 ν 0
ν 1 0

0 0
1− ν

2

⎤
⎥⎦

Db =
Et3

12(1− ν2)

⎡
⎢⎣
1 ν 0
ν 1 0

0 0
1− ν

2

⎤
⎥⎦

The element response is therefore governed both by the
membrane stress resultants:

Nx, Ny, Nxy,

and by the bending and twisting moments per unit
width:

Mx, My, Mxy,

evaluated in the local element system.
For buckling purposes, the essential point is that

LUSAS declares the QSL8 suitable for both linear and
nonlinear buckling analyses. In a linear eigenvalue buck-
ling analysis, the critical load is not obtained from the
initial elastic stiffness alone, but from the combination
of the elastic stiffness and the geometric stiffness, or
stress stiffness, generated by the reference stress state.
In concise form, the eigenvalue problem may be repre-
sented as:

(K+ µiKσ)Φi = 0,

where K is the elastic stiffness matrix, Kσ is the geomet-
ric stiffness matrix dependent on the initial stress state,
µi is the critical multiplier associated with the ith mode,
and Φi is the corresponding modal eigenvector. The
critical load associated with the ith mode is therefore:

Rcr,i = µiR0,

where R0 is the vector of the loads applied in the refer-
ence state. It follows that the buckling result is intrinsi-
cally dependent on both the load distribution and the
initial geometry of the model.

For geometrically nonlinear analysis, LUSAS permits
a total Lagrangian formulation for the QSL8. In the
total Lagrangian formulation, suitable for large displace-
ments but small rotations and small strains, the mem-
brane strains include quadratic displacement terms:

εx =
∂u

∂x
+

1

2

[︄(︃
∂u

∂x

)︃2
+

(︃
∂v

∂x

)︃2
+

(︃
∂w

∂x

)︃2]︄

εy =
∂v

∂y
+

1

2

[︄(︃
∂u

∂y

)︃2
+

(︃
∂v

∂y

)︃2
+

(︃
∂w

∂y

)︃2]︄

γxy =
1

2

[︃
∂u

∂y
+
∂v

∂x
+

(︃
∂u

∂x

∂u

∂y
+
∂v

∂x

∂v

∂y
+
∂w

∂x

∂w

∂y

)︃]︃
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with the well-known reciprocity condition for shear
strains γxy = γyx, resulting from the general expres-
sion of the symmetric strain tensor:9

εik =
1

2

(︃
∂ui
∂xk

+
∂uk
∂xi

+
∂uℓ
∂xi

∂uℓ
∂xk

)︃

Within this formulation, the outputs are expressed in
terms of Piola–Kirchhoff stresses and Green–Lagrange
strains, referred to the undeformed configuration. In
the updated Lagrangian formulation, by contrast, the
reference configuration is updated along the incremen-
tal path; the outputs are expressed in terms of true
Cauchy stresses and strains that may be approximated
as logarithmic strains. For the lateral-torsional buck-
ling problem, this means that the eigenvalue analysis
provides an elastic critical multiplier and a mode shape,
whereas a more realistic assessment of resistance may
require a geometrically nonlinear analysis with initial
imperfections and, where appropriate, the inclusion of
material nonlinearity.

Finally, it is important to note that the eigenmode
obtained from a linear buckling analysis is normalised
and does not directly represent a physical deformation
state at full scale. It must be interpreted as an indicator
of the buckled shape and the corresponding critical
multiplier. The distinction between global modes, such
as overall lateral-torsional buckling of the girder, and
local modes, such as buckling of web panels, flanges or
stiffeners, must therefore be made through engineering
judgement, by examining the mode shapes and their
consistency with the expected structural phenomenon.

9.1.3. Analyses performed

The numerical simulations carried out in this study are
intended to assess the buckling behaviour of a steel
girder using finite-element models developed in LUSAS.
The objective is not limited to determining an elastic crit-
ical multiplier, but also includes evaluating the evolution
of structural deformation in the presence of geometri-
cally nonlinear effects and initial imperfections.

In the first stage, a linear eigenvalue buckling anal-
ysis is performed. This analysis determines the critical
multipliers of the applied loads and the corresponding
buckling mode shapes. The results provide an elastic
estimate of the critical load and allow the most signifi-
cant buckling modes, whether global or potentially local,
to be identified. It should nevertheless be noted that
this approach assumes linear elastic behaviour, does
not account for the evolution of pre-buckling displace-
ments and provides no quantitative information on post-
buckling behaviour. The resulting mode shapes there-
fore have a qualitative and relative meaning, as they
are normalised, and do not directly represent the actual
displacements of the structure at the critical load.

In the second stage, the mode shapes obtained from
the eigenvalue analysis are used as a reference for intro-
ducing an initial geometric perturbation into the model.

9Einstein summation notation for repeated indices is implicit.

This procedure allows a geometrically nonlinear analy-
sis with imperfections, hereinafter referred to as GNIA,
to be performed. In this case, the structural response
is traced incrementally along the load path, accounting
for second-order effects and the interaction between
the deformed configuration, tangent stiffness and stress
state. Unlike the eigenvalue analysis, the geometrically
nonlinear analysis does not directly return a single criti-
cal multiplier, but provides the complete history of the
structural response. The buckling load must therefore
be interpreted from load–displacement curves, identify-
ing any marked reductions in stiffness, limit points or
descending branches of the response.

The comparison between the elastic multiplier ob-
tained from the eigenvalue analysis and the geometri-
cally nonlinear response makes it possible to assess the
girder sensitivity to initial imperfections and second-
order effects. In particular, the eigenvalue analysis
serves as a preliminary tool for identifying the criti-
cal modes, whereas the geometrically nonlinear analysis
provides the main reference for studying the evolution
of buckling in the imperfect model.

For ultimate-limit assessment, a geometrically and
materially nonlinear analysis with imperfections, here-
inafter referred to as GMNIA, was also performed. In this
approach, the geometrically nonlinear effects are com-
bined with a nonlinear material constitutive law capable
of representing the attainment of the yield stress and
the possible development of plastic strains. This analy-
sis makes it possible to determine whether the ultimate
response is governed primarily by geometric instability
or by the onset of yielding. The present study there-
fore compares elastic eigenvalue buckling with both
the geometrically nonlinear response incorporating im-
perfections and the corresponding materially nonlinear
response, thereby clarifying the progressive effects of
geometric and material nonlinearity.

10. Girder precamber and assessment of
the deformed configuration

10.1. Determination of the equivalent load for the
characteristic SLS combination

The vertical deflection of the girder was first determined
using the characteristic serviceability limit state com-
bination. The characteristic line-load contribution as-
sociated with permanent and construction actions was
taken as:

qE,k = 9.59 + (32.50 + 10.00) = 52.09 kN/m.

The characteristic contribution associated with the load
distributed over the adopted conventional width was
evaluated as:

qca,B,Qca,k = 1.50 · 3.00 = 4.50 kN/m.

The corresponding characteristic bending moments, de-
noted byME,k andMQca,k, respectively, were calculated
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(a) Girder mesh. (b) Girder cross-sections.

Figure 19. Three-dimensional axonometric representation of the single girder in LUSAS: (a) model and mesh elements; (b) display of the geometric
cross-sections. Model (a), used for comparison with LTBeamN results, includes a web stiffened by vertical plates on both sides.

separately from the two contributions. The total mo-
ment adopted to determine the initial deformed shape
is therefore:

Mk =ME,k +MQca,k.

To reproduce the same maximum moment in the FEM
model by means of a single uniformly distributed action,
the fictitious equivalent line load p∗SLE was introduced.
For a simply supported girder subjected to a uniform
load:

Mmax,SLE =
p∗SLEL

2

8
,

from which:

p∗SLE =
8Mmax,SLE

L2
= 52.63 kN/m.

The equivalent line load was converted into a uniform
pressure to be applied to the shell elements of the top
flange. Assuming a width:

bsup = 0.55m,

which gives:

P ∗
SLE =

p∗SLE

bsup
=

52.59

0.55
= 95.69 kN/m2.

The pressure P ∗
SLE was then assigned to the shell sur-

faces of the top flange so as to reproduce the previously
determined total bending moment.

10.2. Definition of the precamber through the initial
deformed shape

The precamber was defined so as to compensate fully for
the deformation calculated in Analysis 1. For this pur-
pose, a second analysis, named Analysis 2, was created
using the option:

Start with deformed mesh from Analysis 1,

with reference to the load case containing the equivalent
load and adopting a scale factor equal to:

s = −1.0.

Let x0 denote the vector of nodal coordinates of the
originally straight geometry and u(1) the displacement
field calculated in Analysis 1. The initial configuration
of Analysis 2 is defined by

x
(2)
0 = x0 − u(1).

Considering the vertical component alone gives

Y
(2)
0,i = Y0,i −DY

(1)
i ,

where DY (1)
i is the vertical displacement of node i ob-

tained in Analysis 1.
Since the displacements produced by the gravitational

load are negative:

DY
(1)
i < 0,

the initial configuration of Analysis 2 has an upward
displacement equal to:

∆Yprem,i = −DY (1)
i > 0.

The precamber introduced in this way is therefore not a
separately prescribed geometric curve, but is obtained
directly by reversing the deformation field calculated in
the first analysis.

In general, the option used by LUSAS acts on the
entire nodal vector:

u(1) =
[︁
DX(1) DY (1) DZ(1)

]︁T
.

Interpreting this modification as a purely vertical pre-
camber therefore requires the components DX(1) and
DZ(1) to be zero or negligible relative to the vertical
component DY (1). In view of the load direction and the
symmetry of the girder cross-section, the components
DX(1) and DZ(1) of the nodal vector are considered
negligible.

10.3. Interpretation of displacements in the analysis
of the precambered girder

In Analysis 2, displacements are measured from the new
initial precambered configuration rather than from the
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Figure 20. Deformed configuration (with an amplified graphical scale) of the initially straight single girder, without precamber, obtained in Analysis 1
by applying the equivalent pressure P ∗. The deformed shape is represented by the wireframe mesh.

Figure 21. Initial precambered configuration (with an amplified graphical scale) characterising the first steps of Analysis 2 before the external loads
are applied. The geometry curves upwards, while the nodal result DY (2) is zero because the precamber constitutes the new initial configuration of the
analysis.

originally straight geometry. Therefore, in the absence
of external loads:

DY
(2)
i = 0,

even though the girder appears geometrically curved
upwards. The precamber is incorporated into the initial
mesh coordinates and is not returned as a displacement
result.

When the equivalent pressure P ∗ is reapplied in Anal-
ysis 2, LUSAS calculates a further displacement field
DY

(2)
i , referred to the precambered configuration. The

final vertical coordinate of node i is therefore:

Y
(2)
fin,i = Y0,i −DY

(1)
i +DY

(2)
i .

The final distance from the originally straight configura-
tion is therefore:

∆Yrett,i = Y
(2)
fin,i − Y0,i = −DY (1)

i +DY
(2)
i .

The displacement contour plot for Analysis 2 shows only
the incremental contribution:

DY
(2)
i = Y

(2)
fin,i − Y

(2)
0,i ,

which is negative when the load causes the girder to
move downwards relative to the precambered configu-
ration. The contour plot therefore does not include the
positive precamber contribution −DY (1)

i .
Where the behaviour is substantially linear and the

same load used in Analysis 1 is applied in Analysis 2, it
is reasonable to expect:

DY
(2)
i ≃ DY

(1)
i .

It follows that:

∆Yrett,i = −DY (1)
i +DY

(2)
i ≃ 0,

that is, the downward deformation produced by the
load tends to compensate for the initial precamber. For
this reason, the final deformed mesh, displayed as a
wireframe with a unit deformation factor, may appear
almost straight: the contour plot reports negative values
of DY (2) precisely because they are measured relative
to the nodes displaced by the precamber.

The numerical assessment of the residual deformation
relative to the straight girder must therefore be carried
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Figure 22. Analysis 2 with application of the equivalent pressure P ∗. The contour plot represents the DY (2) displacements (with an amplified
graphical scale) developed relative to the initial precambered configuration (Fig. 21), while the deformed mesh displayed as a wireframe represents
the final girder configuration in the global coordinate system. The wireframe mesh appears horizontal, indicating that the precamber “recovers” all
vertical deformations caused by the loads applied during Stage I. The displacements shown in the legend are those experienced by the precambered
girder in reaching a straight equilibrium configuration under all the applied loads.

out node by node using:

∆Yrett,i = −DY (1)
i +DY

(2)
i ,

without directly comparing only the minimum values
from the two analyses, since these may occur at different
nodes.

11. Settings in the LUSAS environment

11.1. Stage-I design load

For comparison with the analytical procedure according
to EN 1993-1-1, §2.1(1), and EN 1991-1-6, the Stage-I
ULS design load was converted into an equivalent uni-
formly distributed load producing the same maximum
moment MEd in the simply supported girder. The corre-
sponding line load is:

q∗ =
8MEd

L2
=

8 · 22325.00 kNm

(48.00m)
2 = 77.52 kN/m.

Since the load in the LUSAS model is applied as a uni-
form pressure to the upper surface of the top flange, the
line-load value was divided by the width bc = 0.55m,
giving:10

p∗ =
q∗

bc
=

77.52 kN/m

0.55m
= 140.95 kN/m2.

To maintain loading conditions consistent with the ana-
lytical calculation according to EN 1993, the self-weight
of the steelwork was also included in the equivalent

10For the erection stage, a uniformly distributed construction load
of qk = 2.50 kN/m2 was adopted, representing the simultaneous
presence of workers, tools and site materials. This value is a con-
servative design assumption consistent with the general criteria of
EN 1991-1-6 (Eurocode 1 – Actions on structures – Part 1-6: General
actions – Actions during execution), to which EN 1993-1-1 refers for
the definition of actions to be considered during construction stages.

line load q∗ and applied, together with the other Stage-I
actions, to the upper surface of the top flange. No addi-
tional gravity action associated with the element mass
was therefore activated in the numerical model, thereby
avoiding duplication of self-weight.11

11.2. Boundary conditions

The model is defined in the global Cartesian coordinate
system of LUSAS, in which the Y axis is vertical, the Z
axis coincides with the longitudinal axis of the girder,
and the X axis is normal to the web midsurface. The
corresponding nodal translations are denoted by UX ,
UY and UZ , while the nodal rotations are denoted by
RX , RY and RZ .

At the girder ends, kinematic conditions correspond-
ing to a simply supported arrangement were assigned us-
ing Support attributes. At one end, the Fixed Bearing
attribute was applied, defined by:

UX = UY = UZ = 0, RX , RY , RZ libere.

At the opposite end, the Rolling Bearing attribute was
applied, for which:

UX = UY = 0, UZ libera, RX , RY , RZ libere.

The first condition eliminates global rigid-body transla-
tions of the model, while the second provides vertical
and lateral support while leaving the longitudinal trans-
lation of the girder along Z free.

The intermediate torsional restraints were modelled
so as to reproduce, in global terms, a “fork” restraint
condition: they prevent lateral displacement of the shear
centre and torsional rotation of the cross-section, while

11The load was entered in LUSAS using the “Globa Distributed”
dialogue (3D analysis category), with “Per unit area” selected in the
Y direction, which was taken as the vertical axis. The model default
units were kN and m. Input value: − 140.95.
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leaving warping free. For this purpose, 11 restraint
sections, including the two end sections, were defined
at the coordinates:

zj = jLb, j = 0, . . . , 10, Lb = 4800mm.

The girder, of length L = 48000mm, is therefore divided
into 10 equal lateral-torsional buckling segments.

At each section, an auxiliary geometric point was in-
troduced at the shear centre S. These points do not
belong to the midsurface of the shell elements, but
are used as kinematic control points. By means of the
support attribute named LTB torsionale restraint
- RX in the model, the global translation normal to the
web plane was restrained at S:

UX(S) = 0.

The attribute name is an identifier assigned within the
model; the translational degree of freedom affected by
the restraint is UX .

Note on the adopted boundary conditions

The particular arrangement of intermediate re-
straints was adopted specifically to make the nu-
merical model kinematically comparable both with
the analytical model used to determine the elas-
tic critical moment Mcr according to EN 1993 and
with the one-dimensional LTBeamN model. The re-
straints were therefore configured to prevent lateral
translation and global torsional rotation of the cross-
section at the selected sections, while leaving the
longitudinal deformation associated with warping
free. This arrangement is not intended to repro-
duce a particular real construction detail, but rather
to represent, within the shell-element model, the
ideal boundary conditions underlying the EN 1993
analytical formulations and the beam-element ide-
alisation adopted in LTBeamN. The correspondence
between the kinematic conditions of the three mod-
els therefore permits direct comparison of their crit-
ical multipliers and global mode shapes, allowing
any differences to be attributed to the different lev-
els of discretisation and structural representation
rather than to non-equivalent boundary conditions.

Displacement Control kinematic constraints were then
applied, whereby only the lateral component UX of the
selected nodes was associated with the corresponding
control section. These constraints do not impose com-
patibility of the longitudinal translations UZ and do not
directly restrain the rotational degrees of freedom of the
shell elements.

The fork restraint condition was completed using
the Displacement Control named DC_X_all_riTors, as-
signed to the nodes along the centreline of the top flange
at the same restraint sections. The global translation
UX was prevented for these nodes. The combination of
the two lateral constraints, applied at the shear centre
and at the top flange respectively, prevents both lateral

translation of the cross-section and its torsional rotation
about the longitudinal Z axis in global terms:

UX(S) = 0,

UX(piattabanda superiore) = 0,
=⇒ v = 0,

θZ = 0.

As no rigid longitudinal compatibility was imposed be-
tween the nodes of the cross-section, the translations
UZ remain independent and the section can develop the
differential longitudinal displacements associated with
warping. The restraint system therefore reproduces a
discrete fork-type torsional restraint without introduc-
ing an infinitely rigid transverse diaphragm and without
directly restraining warping.

11.3. First-order linear buckling analysis

The global critical mode was first identified by means
of a linear eigenvalue buckling analysis. This procedure
assumes that, before buckling, the elastic stiffness ma-
trix remains unchanged, the geometric stiffness matrix
is proportional to the load level, and the pre-buckling
displacements do not significantly alter the structural
response. The reference stress state was obtained from
a preliminary first-order linear static analysis governed
by the equation:

Ka(0) = R,

where K is the elastic stiffness matrix of the structure,
a(0) is the displacement vector associated with the refer-
ence load, and R is the corresponding vector of equiv-
alent nodal loads. The geometric stiffness matrix, or
initial-stress matrix, K(0)

σ , is constructed from the stress
state thus determined.

The linear buckling problem is therefore reduced to
the generalised eigenvalue problem (30):

(︂
K+ µiK

(0)
σ

)︂
Φi = 0,

in which µi is the ith critical multiplier and Φi the
corresponding mode shape. The vector of critical loads
associated with mode i is therefore:

Rcr,i = µiR.

Similarly, denoting by Mref(x) the bending-moment dia-
gram produced by the reference load system, the corre-
sponding elastic critical diagram is:

Mcr,i(x) = µiMref(x).

In the shell-element model, the eigenvalue ordering
does not distinguish a priori between the different buck-
ling phenomena: the first extracted modes may there-
fore represent local buckling of the web, flanges or stiff-
eners, or distortional modes of the cross-section. Con-
sequently, the first eigenvalue of the system does not
necessarily coincide with the first global lateral-torsional
buckling mode of the girder. In the FEM model, solely
for the purpose of identifying the global mode shape,
these local phenomena were controlled through suitable
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Figure 23. LUSAS Linear Buckling solver settings. The load factor search interval was deliberately defined to exclude from extraction and
interpretation the multipliers associated with local, distortional or highly localised buckling modes, thereby focusing the analysis on global buckling
modes of the compressed top flange. The Sturm sequence check option was activated to verify that no eigenvalue was omitted by the extraction
procedure within the assigned search interval. The check compares the number of eigenvalues identified by Sturm counting with those actually
extracted by the solver, thereby indicating any missing modes.

discretisation and by introducing the stiffeners and kine-
matic conditions specified at the restraint sections. The
modes associated with the lower eigenvalues were then
examined and classified according to their deformed
shapes, excluding those characterised mainly by local
plate buckling and lacking global participation of the
compressed top flange.

The preliminary estimate provided by the approxi-
mate formulation allowed the search for the first rele-
vant global mode to be restricted to the following inter-
val (global buckling of the compressed top flange):

6 ≲ µi ≲ 7.

Within this interval, the first deformed shape charac-
terised by an overall lateral displacement of the com-
pressed top flange, accompanied by torsional rotation of
the cross-sections and by a longitudinal response consis-
tent with a global lateral-torsional buckling mode, was
identified. The corresponding elastic critical multiplier
is approximately:

µLUSAS, beam
cr,LTB ≃ 6.740 .

It follows that the critical load system and bending-
moment diagram associated with this mode may be
expressed as:

Rcr,LTB ≃ 6.74R, Mcr,LTB(x) ≃ 6.74Mref(x).

The value µLUSAS, beam
cr,LTB is an elastic critical multiplier

referred to the geometrically perfect model and linear
material behaviour. It does not therefore represent a
design resistance and does not include the effects of geo-
metric imperfections, residual stresses, material yielding
or partial safety factors.

The mode shapes Φi are also defined only up to an
arbitrary multiplying factor and are normalised by the
solver solely for graphical representation. The displayed
amplitude therefore has no direct physical meaning:

for identification of the phenomenon, the significant
features are the shape of the deformation, the relative
participation of the various structural components and
the corresponding eigenvalue.

The representations in Fig. 24 compare the global
mode shape obtained from the three-dimensional shell-
element model developed in LUSAS with that obtained
using LTBeamN, which is based on a one-dimensional
beam-element idealisation.

The deformed shapes of the compressed top flange
are substantially consistent, with the same number of
half-waves and similar positions of the modal nodes
along the girder. This correspondence indicates that
the two eigenvalues identify the same global lateral-
torsional buckling mode. The LUSAS model nevertheless
shows additional local and distortional components of
the plates and stiffeners that cannot be represented by
the one-dimensional model adopted in LTBeamN.

The amplitudes shown in the figures are not directly
comparable because the eigenvectors are normalised
and their graphical scale is arbitrary. The comparison
must therefore be based on the mode shape, the posi-
tion of the nodes and the value of the critical multiplier.
LUSAS gives µLUSAS, beam

cr,LTB = 6.740, whereas LTBeamN
gives µLTBeamN, beam

cr,LTB = 6.541, corresponding to a rela-
tive difference of approximately 3.04%. The good modal
and numerical agreement confirms that the restraints in-
troduced in the three-dimensional model adequately re-
produce those assumed in the beam model. The slightly
higher value obtained with LUSAS is compatible with
the explicit representation of the geometry, stiffeners
and distributed sectional stiffnesses.

Overall, the comparison provides an independent con-
firmation of the identification of the first global lateral-
torsional buckling mode.

Absolute displacement output is not available in eigen-
value analyses. The displacement results (Fig. 24a) are
nevertheless provided in normalised form. In buck-
ling analyses, the eigenvectors, i.e. the mode shapes,
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(a) Overall view of the modal deformation of the compressed top flange according to LUSAS: plan view of the compressed top flange.

(b) Representation of the lateral deformation of the compressed top flange according to LTBeamN: plan view of the compressed top flange.

Figure 24. First global mode shape (QSL8 shell elements) associated with lateral-torsional buckling of the girder, identified by the linear eigenvalue
analysis for a critical multiplier µLUSAS, beam

cr,LTB ≃ 6.740. Mode shape from the LTBeamN “beam” model with critical multiplier (linear analysis)

µLTBeamN, beam
cr,LTB = 6.541.

are normalised to unity; it should be noted that mass
normalisation is supported only in eigenvalue analyses
for the determination of natural frequencies. Although
the mode shapes correctly represent the relative defor-
mation pattern at the onset of buckling, they do not
quantitatively define the displacements or stresses in
the structure at the critical load.

11.4. Preliminary comparisons between LUSAS, LT-
BeamN and EN 1993 results

For the same cross-section type, boundary conditions
and loading conditions, application of the rigorous EN
1993 formulations gave the following elastic critical
moment (first-order theory; see the preceding sections):

MEC3
cr = 133626 kNm

Therefore, under the EN 1993 formulations, for a maxi-
mum equivalent design moment of MEd = 22325 kNm,
the critical multiplier is:

µEN1993, beam
cr,LTB =

MEC3
cr

MEd
=

133626

22325
= 5.985

LTBeamN assesses lateral-torsional buckling by means
of a one-dimensional beam-element model in which the

global girder behaviour is described through equivalent
sectional properties.

This idealisation does not explicitly represent the local
and distortional deformations of the individual plates,
which may instead emerge in a three-dimensional shell-
element model. The elastic critical moment obtained
using LTBeamN is:

MLTBeamN
cr = 146022 kNm,

µLTBeamN, beam
cr,LTB =

MLTBeamN
cr

MEd
=

146022

22325
= 6.541.

Calculation
Critical multiplier

µcr
Difference from

EN 1993

LUSAS 6.740 +12.61%
LTBeamN 6.541 +9.29%
EN 1993 5.985 −

Table 8. Comparison of the elastic critical multipliers obtained using
LUSAS, LTBeamN and the EN 1993 formulation. Percentage differences
are calculated taking the EN 1993 value as the reference. LTBeamN
analyses lateral-torsional buckling using a model consisting of one-
dimensional beam elements.

The ordering of the various critical multipliers (for
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global buckling of the compressed top flange):

µLUSAS, beam
cr,LTB > µLTBeamN, beam

cr,LTB > µEN1993, beam
cr,LTB

is consistent, for the case examined, with the progres-
sive degree of model idealisation: LUSAS explicitly rep-
resents the three-dimensional geometry of the girder
and stiffeners using shell elements, whereas LTBeamN
adopts a one-dimensional beam-element model; the
EN 1993 formulation finally provides a more idealised
analytical assessment and, in the case considered, a
more conservative one.

The approximate procedure does not directly return
an elastic critical multiplier comparable with the preced-
ing values, but estimates an intentionally conservative
design resistance (up to a maximum of 20% greater con-
servatism for cross-sections belonging to “less frequent”
families); this conservative character is confirmed by
the higher utilisation ratio compared with that obtained
using the complete EN 1993 procedure.

12. Checks on elastic buckling analyses
with discrete perfect lateral-torsional
restraints

This section establishes the reference level for the sub-
sequent analysis of the twin-girder system. First, the
consistency of the elastic critical multipliers obtained
for the single girder using LUSAS, LTBeamN and the
EN 1993 formulation is verified; the elastic result is
then converted into the corresponding design resistance
using the code procedure. The manual calculation there-
fore does not constitute an independent or off-topic in-
vestigation with respect to the FEM study, but completes
the validation of the single-girder model and defines
the reference for the nonlinear analyses of the complete
structural system.

The distinction between these two modelling levels is
essential: the first concerns a single member between
ideal lateral-torsional restraints, whereas the second
concerns the two girders connected by diaphragms and
allows global modes of the entire deck. The results are
therefore related without superimposing their respective
kinematic and resistance assumptions.

12.1. Identification of critical multipliers for global
buckling

Identifying the critical multiplier associated with global
lateral-torsional buckling can be particularly delicate in
three-dimensional shell-element models. In such mod-
els, the first eigenvalues do not necessarily correspond
to the global mode sought, because they may be pre-
ceded by local buckling of the web, flanges or stiffeners,
as well as by distortional or mixed modes. Consequently,
the first eigenvalue extracted by the solver must not au-
tomatically be assumed to represent global buckling of
the girder; rather, a sufficiently large number of mode
shapes must be examined and the mode characterised

by consistent lateral displacement and torsional rota-
tion of the compressed part of the cross-section must
be identified, with particular reference to the top flange
during the construction stage before composite action
with the slab is established.

The comparison shows that, once kinematically equiv-
alent modes have been identified, the results obtained
using LUSAS, LTBeamN and the EN 1993 formulation ex-
hibit satisfactory consistency. The remaining differences
are attributable to the different levels of idealisation:
the shell model explicitly represents geometry, stiffen-
ers and local deformations; LTBeamN describes global
behaviour using one-dimensional beam elements; and
the EN 1993 formulation reduces the problem to equiva-
lent sectional properties, moment coefficients and ideal
boundary and warping conditions.

Note on restraint boundary conditions

In the specific case analysed, the results obtained
using LTBeamN and LUSAS (see Table 8) are
nearly coincident for the configuration with ideal
discrete lateral restraints, in which translation
of the girder in the direction normal to its longi-
tudinal axis is prevented. This configuration dif-
fers from the system comprising two girders con-
nected by transverse diaphragms, because the
diaphragms mainly impose relative constraints
between the two girders without necessarily pre-
venting global lateral displacement of the en-
tire deck. Consequently, the close agreement
between the two models observed in the present
study cannot automatically be extended to dif-
ferent structural configurations, in which the
effectiveness of the lateral restraints depends
on the interaction between the girders and on
diaphragm stiffness.

The comparison of elastic critical multipliers validates
the identification of the global mode, but does not yet
provide an ultimate limit state verification. To complete
the comparison, the elastic result must therefore be
converted into a design resistance according to EN 1993,
while retaining the same assumptions of a single girder
and ideal restraints.

12.2. Manual EN 1993 verification of cross-section
P1 and definition of the resistance reference

The following calculation applies the complete EN 1993
lateral-torsional buckling verification chain to the refer-
ence cross-section P1. It constitutes the resistance-level
completion of the elastic checks developed in the pre-
ceding subsection: it is therefore not a self-contained
example, but defines the reference against which the
results subsequently obtained using LTBeamN, the ap-
proximate parametric procedure and the FEM analyses
are compared.

The approximate procedure developed in the preced-
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ing sections must not be interpreted as a direct replace-
ment for elastic buckling analysis or as an elementary
procedure with no intermediate steps. Its application
requires the determination of dimensionless geomet-
ric parameters, the reading of the various operational
charts and, where the representative point does not co-
incide with one of the plotted curves, one or more linear
interpolations. Its practical advantage therefore lies not
in eliminating all numerical processing, but in avoiding
the explicit determination of the elastic critical moment
Mcr and the subsequent code-based conversion of this
quantity into design resistance.

The difference between the two routes may be rep-
resented schematically as shown in Fig. 25. The initial

EN 1993 procedure

geometry, re-
straints and

distribution of My

Mcr

λLT

χLT

MEC3
b,Rd

ηEC3

Approximate procedure

geometry and
dimensionless

parameters

chart reading and
interpolation

ˆ︁αLT (p)

Mapp
b,Rd

ηapp

Figure 25. Comparison between the EN 1993 verification route and the
approximate procedure. The latter avoids explicit determination of Mcr

and the subsequent λLT –χLT chain.

datum is the elastic critical multiplier obtained from a
linear eigenvalue analysis:

αcr,op =
Fcr
FEd

, (69)

where FEd denotes, in general terms, the level of the
design actions used as the reference configuration and
Fcr the corresponding elastic critical level. For a system
in which the actions are increased proportionally, the
same ratio may be expressed in terms of moment:

αcr,op =
Mcr

MEd
. (70)

The second parameter of interest is the characteris-
tic multiplier associated with attainment of the cross-
section resistance, denoted by αult,k. For a member
subjected predominantly to bending, it may be written
as:

αult,k =
My,Rk

MEd
, (71)

where:
My,Rk =Wyfy. (72)

For a Class 4 cross-section, such as the P1 cross-section
considered in the present study, the effective section

modulus must be used:

My,Rk =Wy,efffy. (73)

The preceding relationship is consistent with the
EN 1993-1-1 approach to determining the resistance
of Class 4 cross-sections and with the subsequent use of
the effective resistance in the lateral-torsional buckling
verification.

The ratio between the cross-section resistance multi-
plier and the elastic critical multiplier gives the opera-
tional slenderness:

λop =

√︃
αult,k
αcr,op

. (74)

Substitution of Eqs. (70) and (71) gives:

λop =

√︃
My,Rk

Mcr
, (75)

which, for lateral-torsional buckling verification, coin-
cides with the definition of the non-dimensional slen-
derness:

λLT =

√︃
Wyfy
Mcr

, (76)

using Wy,eff for Class 4 cross-sections. This is the ap-
proach specified in EN 1993-1-1, § 6.3.2.2, for the
lateral-torsional buckling verification of members.

The reduction factor is then determined using the
usual buckling-curve expression. For lateral-torsional
buckling:

ΦLT =
1

2

[︂
1 + αLT

(︁
λLT − λLT,0

)︁
+ λ

2

LT

]︂
, (77)

and:

χLT = min

⎧
⎨
⎩1;

1

ΦLT +

√︂
Φ 2
LT − λ

2

LT

⎫
⎬
⎭ . (78)

In the general form of EN 1993-1-1:

λLT,0 = 0.20, (79)

whereas the imperfection factor αLT must be selected
from the relevant lateral-torsional buckling curve in ac-
cordance with Tables 6.3 and 6.4 of EN 1993-1-1. For
welded sections, the value cannot be assumed generi-
cally, but depends on the cross-section geometry and,
in particular, on the ratio of web depth to compressed-
flange width.

The reduction factor χ associated with flexural buck-
ling is then calculated:

Φ =
1

2

[︂
1 + α

(︁
λ− 0.20

)︁
+ λ

2
]︂
, (80)

χ = min

⎧
⎨
⎩1;

1

Φ +

√︂
Φ2 − λ

2

⎫
⎬
⎭ , (81)

with the imperfection factor α obtained from Ta-
bles 6.1 and 6.2 of EN 1993-1-1, in accordance with
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§ 6.3.1.2. The following operational expression is there-
fore adopted:

χop = min (χ, χLT ) . (82)

This choice represents a conservative rule and must not
be generalised independently of the structural problem.
For cross-section P1, subject to lateral-torsional buckling
verification in bending, the relevant factor is χLT ; any
flexural buckling verification must be carried out sepa-
rately using its own slenderness and the corresponding
curve.

The design resistance multiplier relative to the load
level adopted in the analysis is finally:

αRd,op =
χopαult,k
γM1

, (83)

or, for lateral-torsional buckling alone:

αb,Rd =
χLTαult,k
γM1

. (84)

The verification is satisfied when:

αb,Rd ≥ 1. (85)

The same condition may be expressed using the design
resistance moment:

Mb,Rd = χLT
Wy,efffy
γM1

, (86)

and the utilisation ratio:

ηLT =
MEd

Mb,Rd
=

1

αb,Rd
≤ 1. (87)

For cross-section P1, the values already determined
in the preceding sections are:

Wy,eff = 67955139mm3,

fy = 335MPa,

MEd = 22312.34 kNm,

γM1 = 1.10.

It follows that:

My,Rk =Wy,efffy

= 67955139 · 335
= 22764.97 kNm,

and:

αult,k =
My,Rk

MEd

=
22764.97

22312.34
= 1.0203.

Adopting the critical multiplier already determined us-
ing the complete EN 1993 formulation:

αEC3
cr = 5.985,

which gives:

λ
EC3

LT =

√︃
1.0203

5.985

= 0.413.

For the buckling curve previously identified in the com-
plete verification, characterised by:

αLT = 0.76,

the corresponding values are:

ΦEC3
LT =

1

2

[︁
1 + 0.76(0.413− 0.20) + 0.4132

]︁

= 0.666,

χEC3
LT =

1

0.666 +
√
0.6662 − 0.4132

= 0.841.

The design resistance multiplier is therefore:

αEC3
b,Rd =

0.841 · 1.0203
1.10

= 0.780 < 1,

which is equivalent to:

ηEC3
LT =

1

0.780
= 1.282 > 1.

The manual calculation therefore shows that the single
girder does not satisfy the verification in the assumed
configuration, since:

αEC3
b,Rd = 0.780 < 1, ηEC3

LT = 1.282 > 1.

This result constitutes the resistance reference for the
subsequent discussion. It must not be compared directly
with the elastic critical multipliers alone obtained using
LTBeamN or LUSAS, because these describe the elastic
bifurcation problem. It must instead be compared with
the corresponding design resistances, obtained by apply-
ing the same reduction curve and the same partial safety
factor to the lateral-torsional slenderness. The above se-
quence ensures that the elastic multiplier obtained from
the closed-form formulation or an eigenvalue analysis
is first converted into slenderness and subsequently into
design resistance.

Keeping the resistance model, effective cross-section
properties, buckling curve and partial factor γM1 un-
changed, the critical multiplier obtained from the
EN 1993 formulation is now replaced by that derived
from the elastic LTBeamN analysis. The comparison
therefore isolates the effect of the different evaluation
of the elastic critical moment. Using the result obtained
from LTBeamN under the same assumptions of a single
girder and ideal torsional restraints:

αLTBeamNcr = 6.541,
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the following values are obtained analogously:

λ
LTBeamN

LT = 0.395,

χLTBeamNLT = 0.854,

αLTBeamNb,Rd = 0.792,

ηLTBeamNLT = 1.262.

The small difference from the EN 1993 verification de-
rives from the different value of the elastic critical mo-
ment, while the resistance model, buckling curve and
effective cross-section properties remain unchanged.

The approximate parametric procedure is then ap-
plied to the same cross-section and the same design
demand. Unlike the EN 1993–LTBeamN route, it does
not explicitly determine Mcr, λLT and χLT , but directly
returns a conservative estimate of Mb,Rd. The compari-
son must therefore be made between design resistances
or between the corresponding utilisation ratios. The ap-
proximate procedure eliminates the complete sequence:

Mcr −→ λLT −→ χLT −→Mb,Rd,

and directly provides the estimate:

Mapp
b,Rd =

A2
c

γsupplˆ︁αLT (p)Lb
, (88)

where:
Ac = bctc, (89)

where ˆ︁αLT (p) is obtained using the relationships and
charts developed in the preceding sections. The verifica-
tion may be expressed as:

MEd ≤Mapp
b,Rd, (90)

or by means of:

ηapp =
MEd

Mapp
b,Rd

=
γsupplˆ︁αLT (p)MEdLb

A2
c

≤ 1. (91)

The approximate procedure nevertheless retains a non-
negligible degree of complexity, because the value of
ˆ︁αLT (p) requires correct identification of the applicable
domain, reading of the charts and the corresponding
interpolations. Its usefulness lies in making the calcula-
tion depend mainly on the geometric parameters of the
compressed flange and on the unrestrained torsional
length, without requiring a new determination of the
torsional and warping properties, equivalent coefficients
and elastic critical moment whenever the cross-section
is modified. This is particularly useful for preliminary
sizing and iterative comparison of alternative configura-
tions, provided that the static scheme, geometric range
and boundary conditions adopted in the calibration are
respected.

Finally, this treatment must be kept distinct from the
nonlinear analyses of the complete bridge-girder system.
The EN 1993 verification, the LTBeamN calculation and
the approximate procedure previously applied to cross-
section P1 refer to a single girder between two ideal
torsional restraints, with:

Lb = 4.80m.

The three-dimensional model of the two girders con-
nected by diaphragms instead permits lateral and tor-
sional deformation of the entire system, including in-
phase lateral sway of the two girders. Its first buckling
multiplier, of the order of 1.5÷ 1.6, is therefore associ-
ated with a global mode and with boundary conditions
different from those adopted for the verification of the
single member.

For this particular twin-girder deck, direct substitu-
tion of this multiplier into the chain of Eqs. (74)–(87)
would formally produce a very low reduction factor
and would not constitute a consistent verification of the
single girder according to the model assumed by the
approximate procedure. The global multiplier must be
interpreted within the twin-girder model and investi-
gated through geometrically nonlinear or geometrically
and materially nonlinear analyses, with imperfections
compatible with the identified global modes.

The two levels of analysis therefore provide comple-
mentary information: the approximate procedure and
the EN 1993 verification assess the lateral-torsional re-
sistance of the individual member under the assumed
restraint conditions, whereas the GNIA and GMNIA anal-
yses examine the stability and capacity of the actual
three-dimensional system modelled. The approximate
procedure retains its usefulness in the first context, par-
ticularly for preliminary sizing and rapid comparison of
cross-sections, without being extended to global config-
urations outside its calibration range.

Link to the subsequent analyses. The result just ob-
tained refers to the single girder and to the “perfect”
lateral-torsional boundary conditions assumed in the
member verification. The subsequent GNIA and GM-
NIA analyses of the twin-girder system with diaphragms
represent a different structural problem and do not con-
stitute a direct replacement of the critical multiplier in
the present EN 1993 chain. The comparison between
the two modelling levels is therefore made in terms of
global behaviour and resistance margin, while keeping
their respective kinematic assumptions distinct.

13. Buckling analysis of the twin-girder sys-
tem connected by diaphragms

13.1. Introduction

The preceding section analysed the behaviour of a single
girder provided with ideal lateral-torsional restraints,
modelled by imposing zero lateral displacement at the
restraint sections. This configuration provides a useful
theoretical reference for validating the numerical model
because it reproduces the kinematic conditions com-
monly assumed in classical lateral-torsional buckling
formulations.

In practical bridge-deck design, however, the main
girders are generally connected by transverse di-
aphragms, which do not constitute absolute lateral re-
straints in the strict sense. They ensure kinematic com-
patibility between the girders and transfer transverse
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actions, while still allowing lateral displacement of the
entire structural system. Consequently, the unrestrained
buckling length does not necessarily coincide with the
spacing between consecutive diaphragms, but depends
on the global behaviour of the twin-girder system and
on the actual stiffness of the transverse connections.

In light of these considerations, the behaviour of
a deck comprising two main girders connected by di-
aphragms is analysed below to assess the influence of
connection stiffness on the mode shape, the elastic criti-
cal multiplier and the subsequent nonlinear structural
response.

To avoid ambiguity with the multipliers previously
referred to the single girder, the following convention
is adopted hereafter: µ(·, beam)

cr,LTB denotes the elastic criti-
cal multiplier of the single-girder model; µLUSAS, bibeam

cr,1

denotes the first elastic critical multiplier of the LUSAS
twin-girder model; and µGNIA

u and µGMNIA
u denote the

ultimate multipliers obtained from the respective non-
linear analyses. The subscript “cr” is therefore reserved
for linear eigenvalue analyses, while the subscript “u” is
used for the limit points of nonlinear equilibrium paths.

13.1.1. Geometric characteristics of the steelwork
components

The steelwork in the model consists of the following
components (see Fig. 26):

· welded monosymmetric I-section main girders,
each comprising:

– compressed top flange, formed from a plate:

bc × tc = 550mm× 35mm;

– vertical web, formed from a plate of clear
depth and thickness:

hw × tw = 2702mm× 12mm;

– tension bottom flange, formed from a plate:

bt × tt = 650mm× 68mm;

– overall cross-section depth:

h = hw + tc + tt = 2805mm.

· longitudinal web stiffeners, formed from plates:

blong × tlong = 150mm× 10mm,

arranged symmetrically on both sides of the web at
elevations:

slong,1 = 700mm, slong,2 = 1700mm,

measured from the soffit of the top flange;

· transverse web stiffeners, formed from plates:

bst × tst = 250mm× 10mm,

arranged at a longitudinal spacing of:

pst = 2415mm;

· transverse stiffeners at the supports, consisting
of vertical plates welded to the web and flanges, in-
tended to spread the support reactions and stabilise
the end panels;

· upper diaphragm cross-members, formed from
paired angle sections:

2L 100× 50× 8;

· secondary diaphragm members, formed from
paired angle sections:

2L 120× 80× 12;

· diagonals of the transverse diaphragms, formed
from paired angle sections:

2L 150× 100× 12;

· lower diaphragm cross-members, formed from
paired angle sections:

2L 200× 150× 15.

13.2. Definition of initial geometric imperfections

Assessment of the resistance of the twin-girder system
by geometrically and materially nonlinear analysis with
imperfections (GMNIA) requires prior definition of the
shape and amplitude of the imperfect initial geome-
try. Within the European code framework, EN 1993-
1-1 governs equivalent global member imperfections,
while EN 1993-1-5 addresses imperfections of panels
and stiffened elements modelled using two-dimensional
elements. prEN 1993-1-14, devoted to design assisted
by finite-element analysis, systematises the use of LBA,
GNIA and GMNIA and requires the introduced imperfec-
tions to be consistent with the relevant buckling modes.

The different imperfection levels are summarised in
Table 9.

The code provisions do not, however, provide a spe-
cific relationship for determining the amplitude of the
global imperfection of a system comprising two main
girders connected by transverse diaphragms. In par-
ticular, no explicit criterion is defined for deriving an
equivalent unrestrained torsional length from the first
mode shape of a twin-girder deck, nor is it specified
whether the reference should be the diaphragm spacing,
the total girder span or a different characteristic length
inferred from the modal response of the system.

This gap arises from the nature of the restraint pro-
vided by the diaphragms. They limit the relative dis-
placements and rotations of the two girders, but do
not necessarily constitute absolute lateral restraints rel-
ative to a fixed external reference. Denoting the lateral
displacements of the two girders by v1 and v2, the di-
aphragm action tends to impose a relationship of the
form:

v1 − v2 ≃ 0,
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Figure 26. Axonometric view of the FEM model (Stage-I twin-girder deck) – LUSAS. Supports over a span of L = 48.00m; diaphragm spacing
Lb = 9.60m.

Phenomenon Reference General criterion

Global member buckling EN 1993-1-1 Equivalent imperfection correlated with the
buckling curve and member length

Lateral-torsional buckling EN 1993-1-1 Global shape compatible with the relevant
lateral-torsional buckling mode

Local buckling of panels and subpanels EN 1993-1-5 Local shape consistent with the panel critical
mode and amplitude referred to its charac-
teristic dimensions

Advanced numerical analysis prEN 1993-1-14 Introduction of relevant imperfections in the
GMNIA and search for the unfavourable con-
figuration

Table 9. Main geometric imperfections considered within the scope of Eurocode 3.

without necessarily requiring:

v1 = v2 = 0.

The system may therefore exhibit in-phase lateral sway
of the two girders, accompanied by diaphragm defor-
mation and overall torsion of the deck. For this reason,
the geometric spacing of the transverse connections can-
not automatically be identified with the unrestrained
buckling length of a single girder.

13.3. Settings for nonlinear analyses in LUSAS

The GMNIA was performed using an automatic in-
cremental procedure (Automatic Increment Control),
in which the software automatically adjusts the load-
increment size according to convergence, reducing it
near limit points and increasing it during regular re-
sponse phases, thereby improving both robustness and
computational efficiency.

The equilibrium path was traced using arc-length con-
trol with the Relative Displacement Arc-Length Procedure
(Crisfield method), which uses relative displacements

rather than the load factor alone as the control parame-
ter. This procedure allows limit points to be crossed au-
tomatically and the post-critical response branch, char-
acterised by stiffness loss and a possible descending
load–displacement trend, to be followed.

Geometric nonlinearity was treated using a Total La-
grangian formulation, in which all kinematic and equi-
librium quantities are referred to the initial configura-
tion of the structure. This formulation is particularly
suitable for the analysis of large displacements and rota-
tions while retaining the same reference configuration
throughout the incremental process. The Co-rotational
Formulation was also adopted to evaluate the local kine-
matics of the elements, separating rigid-body motion
from actual element deformation. This approach im-
proves the representation of large rotations and allows
more accurate evaluation of strains and stresses in geo-
metrically nonlinear analyses.
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Figure 27. First mode shape obtained from the linear buckling analysis. First critical multiplier µLUSAS, 2girder
cr,1 ≈ 1.590 for Stage-I loads

(fresh-concrete casting of the slab). Note: the presence of vertical stiffeners also on the outer face of the web does not alter the value of the first critical
multiplier.

13.4. Criteria for selecting the initial geometric im-
perfections

In GMNIA, an eigenmode obtained from a linear bifur-
cation analysis is frequently used as the imperfect initial
geometry. The procedure may be expressed as:

ximp = x0 + eLT ˆ︁φ1,

where x0 is the nominal geometry, ˆ︁φ1 is the suitably
normalised first eigenvector, and eLT is the dimensional
multiplier assigned to the mode shape. In the model
examined, the first linear buckling analysis gave the
elastic critical multiplier:

µLUSAS, 2girder
cr,1 ≈ 1.590.

The associated mode shape involves both girders and
their diaphragms globally, as shown in Fig. 27. The
transverse diaphragms are arranged at a spacing of:

sd = 9.60m.

In the actual structure, each interval between two con-
secutive diaphragms is divided into two fields of length:

Lp = 4.80m,

by means of cross-bracing consisting of simple ties, ar-
ranged in both the top-flange plane and the bottom-
flange plane.

These braces were not included in the FEM model
used to determine the critical and ultimate multipli-
ers. The numerical analyses were therefore carried out
considering the two main girders and the transverse di-
aphragms, while neglecting the stabilising contribution
of the cross-bracing ties. The geometry of the braced

fields was referred to solely to define a plausible am-
plitude for the equivalent geometric imperfection intro-
duced in the nonlinear analyses, without altering the
boundary conditions of the numerical model.

Since the ties cannot be idealised as perfectly rigid
lateral-torsional restraints, the geometric length of the
individual field was conventionally increased by 25%,
taking:

Lb,eff = 1.25Lp = 1.25× 4.80m = 6.00m.

The quantity Lb,eff therefore represents a conventional
effective length adopted solely to define the imperfec-
tion amplitude. It coincides neither with the geometric
diaphragm spacing nor with the distance between ideal
torsional restraints. The factor 1.25 is a conservative
modelling choice and not a value prescribed by the code.

It therefore follows that:

eLT =
Lb,eff
300

=
6000mm

300
= 20mm.

✓ Code note on initial geometric imperfections

EN 1993-1-1, Clause 5.3.2 and Table 5.1, de-
fines equivalent member geometric imperfec-
tions through the ratio e0/L, assigned according
to the relevant buckling curve. Selection of the
curve does not depend solely on whether the
cross-section is welded, but must be made us-
ing the specific tables in Chapter 6, considering
the cross-section type, buckling axis and flange
thicknesses.
For welded I-sections, the flexural buckling curve
about the minor axis is generally curve “c” or
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Figure 28. LUSAS settings adopted for the nonlinear analyses [19].

continued..

“d”, according to Table 6.2 of EN 1993-1-1. For
lateral-torsional buckling, Table 6.4 instead as-
signs curve “c” to welded sections for h/b ≤ 2
and curve “d” for h/b > 2. For cross-section P1,
since h/bc > 2, the lateral-torsional buckling ver-
ification according to EN 1993 was carried out
using curve “d”, with αLT = 0.76.
The values in Table 5.1 nevertheless concern
equivalent imperfections of individual members
and do not constitute a specific requirement for
GMNIA of twin-girder decks connected by di-
aphragms. prEN 1993-1-14, devoted to design
assisted by finite-element analysis, permits the
use of either a sinusoidal shape or a mode shape
obtained from a linear buckling analysis as the
initial imperfection shape. For lateral-torsional
buckling, Clause 5.4.4, Formula (5.16) and Ta-
ble 5.5 define the equivalent imperfection am-
plitude using the imperfection factor for flexu-
ral buckling about the minor axis and the refer-
ence coefficient βLT . The length may be referred
to the distance between intermediate restraints
only where these can be regarded as sufficiently
rigid.
In the present case, the FEM model used to cal-
culate the multipliers does not include the cross-
bracing ties present in the actual structure and
therefore cannot be treated as a member with
perfect lateral-torsional restraints every 4.80m.
The length of the individual braced field was
used solely as a geometric reference for defining
the initial amplitude. Its 25% increase, through
the assumption Lb,eff = 6.00m, is an operational
criterion adopted by the Authors and not a code
provision.

continued..

L’assunzione:

eLT =
Lb,eff
300

must therefore be described as an operational
criterion for defining a plausible equivalent ge-
ometric imperfection amplitude, rather than as
a direct application of buckling curve “a” or an
explicit provision of EN 1993-1-1. The value
thus determined was used solely to scale the
mode shape introduced in the nonlinear anal-
yses, while all critical and ultimate multipliers
were calculated using the FEM model without
cross-bracing.

✓ Comparison between the LTBeamN model with
ideal restraints and the twin-girder FEM model

As a further check of the adopted mechanical
interpretation, a linear buckling analysis was
performed on the single girder using LTBeamN,
keeping the member geometry, cross-section
properties, load distribution, end conditions and
total span of 48.0m unchanged. Ideal torsional
restraints were introduced in the model at a spac-
ing of:

sd = 9.60m,

coinciding with the geometric spacing between
the transverse diaphragms in the FEM model.
The first critical multiplier obtained using LT-
BeamN was:

µLTBeamN, sd=9.60m
cr = 1.872,

whereas the LUSAS FEM model, consisting of the



Lateral-torsional buckling of steel bridge girders 50

continued..

two main girders connected by finite-stiffness
transverse diaphragms and without the cross-
bracing present in the actual structure, gave:

µLUSAS, 2girder
cr,1 = 1.590.

The reduction in the value obtained using LUSAS
relative to the LTBeamN model with ideal re-
straints is therefore:

∆µcr =
µLTBeamN, sd=9.60m
cr − µLUSAS, 2girder

cr,1

µLTBeamN, sd=9.60m
cr

× 100

=
1.872− 1.590

1.872
× 100 = 15.1%.

The two values are of the same order of magni-
tude, but refer to different mechanical idealisa-
tions. In the LTBeamN model, the intermediate
restraints ideally prevent torsional rotation of
the single girder at the sections where they are
applied. In the LUSAS model, by contrast, the
diaphragms have finite stiffness and permit de-
formations and rotations compatible with the
global behaviour of the twin-girder system. The
critical mode may therefore involve both girders
and the transverse connections in phase, without
necessarily exhibiting perfect kinematic nodes at
the diaphragms.
The lower value returned by LUSAS is therefore
consistent with the lower stabilising effectiveness
of deformable diaphragms compared with the
ideal torsional restraints introduced in LTBeamN.
Since the geometry, cross-section properties, load
distribution and end conditions were kept consis-
tent, the observed difference may be attributed
primarily to the different representation of the
lateral-torsional restraint and to the ability of
the twin-girder FEM model to develop a global
system mode.
The comparison confirms that the diaphragm
spacing of 9.60m is a significant geometric scale
for the buckling phenomenon, but does not jus-
tify treating the actual diaphragms as perfectly
rigid torsional restraints. It is used as a check
on the mechanical consistency of the models
and not as a direct procedure for determining
the equivalent geometric imperfection amplitude.
Elastic critical multipliers characterise the load
level associated with loss of elastic stability of the
perfect system, whereas eLT defines the ampli-
tude of the initial geometric perturbation intro-
duced in the nonlinear analyses: the two quanti-
ties are conceptually distinct.

The following value is therefore adopted for the non-
linear simulations:

eLT = 20mm.

Figure 29. LUSAS settings for defining imperfections of eLT = 20mm
on the first mode shape from the linear buckling analysis.

Using the full span:

L = 48.0m,

would, for the same ratio, lead to:

eLT =
48000mm

300
= 160mm,

a value representative of a global out-of-straightness of
the entire system, but not consistent with the geometric
scale of the braced fields present in the actual structure.
Conversely, direct adoption of Lp = 4.80m would be
equivalent to assigning the cross-ties the effectiveness of
perfectly rigid lateral-torsional restraints. The adoption
of Lb,eff = 6.00m therefore constitutes an intermediate
and conservative choice, used solely to define the initial
imperfection amplitude, without introducing the sta-
bilising contribution of the cross-bracing into the FEM
model.

13.5. Geometrically nonlinear analysis with imper-
fections (GNIA)

The geometrically nonlinear analysis with imperfections
(GNIA, Geometrically Nonlinear Analysis with Imperfec-
tions) was carried out to assess the structural response
while accounting for second-order effects and the evo-
lution of the deformed configuration during load ap-
plication. Unlike linear buckling analysis (LBA), this
procedure does not directly return a critical multiplier,
but allows the complete equilibrium path of the struc-
ture to be followed up to the onset of instability, making
it possible to identify the progressive reduction in global
stiffness and any development of post-critical behaviour.

In the present study, the analysis was performed us-
ing the same three-dimensional model adopted for the
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preceding linear buckling analysis. The initial geometric
configuration was obtained by introducing an equiv-
alent imperfection based on the first buckling mode
shape, suitably scaled to the amplitude adopted in the
study. This procedure activates the dominant buckling
mode from the earliest stages of loading, avoids the use
of arbitrary perturbations and improves the numerical
robustness of the solution. The load was applied incre-
mentally using automatic convergence control, thereby
allowing the evolution of the structural response to be
traced even near loss of stability. A geometrically non-
linear Total Lagrangian formulation was adopted for the
shell elements forming the main girders, while a Co-
rotational formulation was used for the beam elements
modelling the diaphragms (Fig. 28).

The critical load was identified by analysing load–
displacement curves obtained at significant points of
the structure, with particular attention to the lateral
displacements of the compressed flanges in the region of
maximum bending demand. The onset of instability was
identified through the progressive reduction in tangent
stiffness and the consequent departure of the response
from linearity, and the results were finally compared
with those from the linear buckling analysis.

13.5.1. GNIA results

The subsequent geometrically nonlinear analysis, car-
ried out with the same imperfect shape, gave an ulti-
mate multiplier of approximately µGNIA

u = 1.495, cor-
responding to the following reduction relative to the
linear multiplier:

1.590− 1.495

1.590
≃ 6%.

Note. Where vertical stiffeners are also present on the
outer face of the web, the corresponding “Load Factor”
reaches approximately 1.53. This comparison does not,
by itself, constitute a general validation of the adopted
amplitude, but shows that the imperfect configuration
considered gives a geometrically nonlinear response con-
sistent with the mechanism identified by the bifurcation
analysis.

Final verification of the criterion is therefore entrusted
to the subsequent GMNIA analyses, in which both ge-
ometric nonlinearity and material plasticity are intro-
duced. The reliability of the choice is assessed by a
sensitivity analysis with respect to the amplitude eLT
and by comparison between:

µLUSAS, 2girder
cr,1 , µGNIA

u , µGMNIA
u .

In this way, the value eLT = 20 mm is not treated as a
code-prescribed datum, but as a physically motivated
parameter that is explicitly stated and subjected to nu-
merical verification.

The graph in Fig. 31 shows the variation of the lateral
displacement of the midspan control section with the
load multiplier obtained from the geometrically nonlin-
ear analysis with imperfections (GNIA). The analysis

was carried out by imposing a maximum Load Factor of
2.0; however, the incremental procedure stops automat-
ically at the value

µGNIA
u = 1.495,

without reaching the prescribed maximum load. The
curve shows an initially almost linear response, followed
by a progressive reduction in tangent stiffness, mani-
fested by increasing lateral displacements for modest
load increments. Near the maximum value reached, the
response tends towards a plateau, indicating attainment
of the limit equilibrium configuration and the conse-
quent inability to continue along the loading path.

The load multiplier obtained from the GNIA is there-
fore approximately µGNIA

u = 1.495, providing a more
realistic estimate of resistance than the corresponding
multiplier obtained from the linear buckling analysis,
µLUSAS, 2girder
cr,1 ≈ 1.590, because it accounts for second-

order effects and the evolution of the deformed config-
uration during loading. Figure 32 shows the variation
of the von Mises equivalent stresses in the top flange
of the main girder, evaluated at the midspan section
in the most highly stressed region. The graph shows
an almost linear increase in stress for low values of the
load multiplier, as expected for the elastic response of
the structure.

As the Load Factor increases, the rate of stress in-
crease progressively decreases, while the lateral dis-
placements continue to grow markedly. This behaviour
is attributable to second-order effects, which cause a pro-
gressive reduction in the global stiffness of the structure
and redistribution of the stress state as lateral-torsional
buckling develops. Near the maximum value reached by
the analysis, µGNIA

u = 1.495, the equivalent stresses tend
towards an almost constant value, while the displace-
ments continue to increase. This behaviour confirms
that the response limit is governed by loss of global struc-
tural stability rather than by attainment of the material
resistance. At the ULS combination for the first con-
struction stage (trends shown in Figs. 31 and 32), corre-
sponding to a unit Load Factor, the von Mises equivalent
stress in the most highly stressed region of the top flange
is approximately 310MPa. This value is below the nom-
inal yield strength of S355 steel; the final comparison
must nevertheless be made with the characteristic value
fy relevant to the actual plate thickness and with the cor-
responding design strength fyd = fy/γM0 = 355MPa.
The geometrically nonlinear analysis reaches the maxi-
mum value µGNIA

u = 1.495 > 1.00, showing that, in the
model considered, loss of equilibrium due to geometric
effects occurs at a load level above the design level for
the casting stage. The verification against geometric
instability may therefore be considered satisfied for the
configuration analysed. The maximum value reached
by the GNIA cannot, however, be taken as the ultimate
capacity of the structure because, for multiplier values
greater than unity, the equivalent stresses reach and sub-
sequently exceed the yield strength while the material is
kept indefinitely elastic. Assessment of the ultimate ca-
pacity therefore requires a geometrically and materially
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Figure 30. Results of the geometrically nonlinear analysis with initial imperfection (GNIA), for eLT = 20mm applied according to the first mode
shape of the linear buckling analysis; µGNIA

u = 1.495. The steel material model was defined by a linear σ − ε relationship.

Figure 31. Variation of the lateral displacement ∆Y of the top flange at
the control section with load multiplier in the GNIA. The steel is assumed
perfectly elastic (material linearity).

nonlinear analysis with initial imperfections (GMNIA).

13.6. Geometrically and materially nonlinear analy-
sis

13.6.1. Preliminary remarks

To assess the resistance of the structure beyond the elas-
tic range, a geometrically and materially nonlinear anal-
ysis (GMNIA) was subsequently carried out, in which
second-order effects were combined with modelling of
the elasto-plastic behaviour of steel. This approach al-
lows the evolution of geometric deformation and mem-
ber yielding to be described simultaneously, providing
an estimate of structural resistance up to the ultimate
state. For the main girders, a bilinear elasto-plastic
constitutive model for S355 steel was adopted, charac-
terised by the initial elastic modulus E = 210000MPa,

Figure 32. Variation of the von Mises equivalent stresses in the top
flange of the main girder, evaluated at the most highly stressed midspan
section, with load multiplier in the GNIA.

yield stress fy = 355MPa and a negligible post-elastic
tangent modulus (Et ≃ 0), as illustrated in Fig. 33. The
corresponding yield strain is:

εy =
fy
E

≃ 0.169%.

13.6.2. Adopted plasticity model

Plastic behaviour was described using an isotropic plas-
ticity model based on the von Mises yield criterion,
commonly adopted for ductile structural steels. The
combination of the von Mises criterion and the bilin-
ear constitutive law allows the progressive spread of
plastic strains through the members to be followed as
the load increases, while retaining a numerically stable
formulation in iterative GMNIA analyses (Fig. 34).
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Figure 33. Bilinear elasto-plastic constitutive law adopted for S355 steel
in the GMNIA analyses.

Figure 34. LUSAS settings for the nonlinear properties of the plate steel.
In addition to initial uniaxial yielding, a small hardening gradient is
included to improve numerical stability and convergence.

Steel hardening and stability of the numerical so-
lution

A steel elasto-plastic constitutive law with mod-
est post-elastic hardening was adopted in the
GMNIA analyses (Figs. 33 and 34). This choice
allows a limited increase in equivalent stress be-
yond the yield stress fy to be represented and,
at the same time, improves the regularity of the
numerical solution during progressive yielding.
In an elastic–perfectly plastic model, the tangent
modulus on the post-elastic branch is zero:

Et =
dσ

dε
= 0.

The resulting loss of tangent stiffness in an in-
creasing portion of the structure may cause se-
vere deterioration in the conditioning of the
global tangent stiffness matrix:

Kt∆u = ∆R.

Near a limit point, or during development of
an instability mechanism accompanied by yield-

continued. . .

ing, the matrix Kt may therefore become poorly
conditioned or close to singular, making conver-
gence of the equilibrium iterations more difficult.
Introducing a small post-elastic tangent modu-
lus,

Et > 0, Et ≪ E,

retains a modest incremental stiffness after yield-
ing and promotes continuity of the equilibrium
path, especially in the region near the maxi-
mum load and along the subsequent post-critical
branch. Hardening does not eliminate structural
instability, but reduces the numerical difficul-
ties associated with the abrupt loss of material
stiffness and facilitates the use of iterative proce-
dures and arc-length control.a

In the presence of hardening, it is therefore nor-
mal for the von Mises equivalent stress shown in
the result plots to exceed the initial yield stress
locally:

σvM > fy.

These values do not necessarily represent an
anomaly because the yield surface evolves ac-
cording to the assigned constitutive law. Their in-
terpretation must nevertheless be accompanied
by examination of the equivalent plastic strains
and the extent of the yielded zones, distinguish-
ing a physically meaningful response from local
peaks caused by stress concentrations, boundary
conditions, nodal extrapolation or mesh depen-
dence.

aUnder arc-length control, LUSAS treats both the displace-
ment increment and the load-multiplier increment as un-
knowns and introduces an additional constraint equation to
limit progression along the equilibrium path. In the Crisfield
formulation, this constraint is expressed by imposing a pre-
scribed norm on the displacement increment; in the relative
displacement arc-length procedure, control is related to the
relative increment of a suitably selected displacement vari-
able (see the settings in Fig. 28). According to the LUSAS the-
ory manual, this strategy may be interpreted as a generalised
form of displacement control and allows the equilibrium
path to be followed near limit points and along post-critical
branches in which the load factor does not increase mono-
tonically. Selection of the correct path direction nevertheless
remains sensitive to bifurcations, insufficient imperfections,
numerical mechanisms or inadequate modelling; an incor-
rect root choice may appear as irregular load–displacement
curves or closed paths. LUSAS also notes that any combina-
tion with line search procedures is implemented through an
approximate iterative procedure intended to satisfy both the
arc-length equation and the line-search equation.

13.6.3. Interpretation of the geometrically and mate-
rially nonlinear analysis results

The curves shown in Figs. 36 and 37 describe, respec-
tively, the evolution of the lateral displacement of a
control point on the top flange, at the section most af-
fected by lateral sway, and the variation of the von Mises
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equivalent stress in the top flange immediately adjacent
to the web in the same critical region.

Because the GMNIA was performed on the geomet-
rically imperfect model, the response does not exhibit
the sharp bifurcation characteristic of a linear buckling
analysis of the perfect system. Instead, increasing load
produces a progressive growth in lateral displacement
and a continuous reduction in tangent stiffness until a
limit point on the equilibrium path is reached.

The load-multiplier–lateral-displacement curve
reaches an approximate maximum value of:

µGMNIA
u ≃ 1.11.

At this value, the lateral displacement of the control
point is of the order of:

ux,u ≃ 0.06 m = 60 mm.

Beyond the limit point, the curve exhibits a descending
branch: the lateral displacement continues to increase
to values close to:

ux ≃ 0.17 m,

while the load multiplier decreases to approximately:

µGMNIA
post ≃ 1.05.

This behaviour indicates an unstable post-critical re-
sponse, characterised by loss of lateral-torsional stiffness
and decreasing load-carrying capacity as deformation
increases. The maximum of the curve must therefore
be interpreted as the resistance limit of the adopted
GMNIA model, while points on the descending branch
represent equilibrium configurations with substantially
larger displacements and lower load-carrying capacity.

The von Mises equivalent stresses vary almost propor-
tionally with the load multiplier during the initial and
intermediate stages of the analysis. Near the maximum
load, the stress at the monitored point reaches values of
the order of:

σvM ≃ (3.3÷ 3.6)× 105 kN/m2 = 330÷ 360 MPa.

This interval includes the yield stress adopted for S355
steel:

fy = 355 MPa.

The local attainment of stresses close to fy at the limit
point shows that the loss of load-carrying capacity can-
not be attributed solely to elastic buckling. It results
from the interaction between:

· amplification of displacements and rotations due to
geometric nonlinearity;

· progressive reduction in the lateral-torsional stiff-
ness of the system;

· onset of yielding in the most highly stressed regions
of the top flange and adjacent web.

On the branch following the maximum, the equivalent
stress remains close to the yield level, while the lateral
displacement increases considerably and the load multi-
plier decreases. This trend is consistent with the devel-
opment of local plastic strains and stress redistribution
accompanied by the progression of global lateral sway.
The substantial stabilisation of the local stress does not
therefore imply stabilisation of the structural response;
on the contrary, the system continues to deform with
greatly reduced stiffness and decreasing load-carrying
capacity.

The maximum value obtained from the GMNIA may
be compared with the first elastic critical multiplier of
the perfect LUSAS model:

µLUSAS, 2girder
cr,1 = 1.590.

The ratio of the nonlinear ultimate multiplier to the
elastic critical multiplier is:

µGMNIA
u

µLUSAS, 2girder
cr,1

≃ 1.11

1.590
≃ 0.70.

The capacity identified by the GMNIA is therefore ap-
proximately

(︃
1− 1.11

1.590

)︃
× 100 ≃ 30%

lower than the critical value obtained from the linear
buckling analysis of the geometrically perfect model.

Comparison with the value obtained using LTBeamN,
assuming ideal torsional restraints at a spacing of
9.60m,

µLTBeamN, sd=9.60m
cr = 1.872,

instead gives:

µGMNIA
u

µLTBeamN, sd=9.60m
cr

≃ 1.11

1.872
≃ 0.59.

The GMNIA ultimate capacity is therefore approximately
41% lower than the critical multiplier of the single girder
with ideal torsional restraints. This difference is consis-
tent with the greater idealisation of the LTBeamN model,
in which the intermediate restraints perfectly prevent
torsional rotation, whereas the LUSAS model permits
diaphragm deformation and development of a global
twin-girder system mode.

The three values:

µLTBeamN, sd=9.60m
cr = 1.872, µLUSAS, 2girder

cr,1 = 1.590,

µGMNIA
u ≃ 1.110,

must therefore not be interpreted as alternative results
from the same analysis, but as successive levels of repre-
sentation of the structural behaviour. The first refers to
the single girder with ideal torsional restraints; the sec-
ond describes elastic buckling of the perfect twin-girder
system with deformable diaphragms; the third jointly in-
cludes the initial geometric imperfection, second-order
effects and material yielding.

Overall, the results lead to the following conclusions:
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Figure 35. Deformed shape of the two girders at the post-peak load multiplier µGMNIA
post = 1.049 under geometric and material nonlinearity. The

legend shows limited local peaks in equivalent stress, attributable to the extrapolation from integration points and nodal averaging (Averaged nodal)
adopted by the LUSAS post-processor. As indicated in the software theory documentation [29], [28], in the presence of high stress gradients these
values may be locally amplified without representing the global stress state of the structure.

Figure 36. Results from the geometrically and materially nonlinear
analysis: displacement diagram for the central point of the top flange at
the section of maximum lateral sway (post-buckling behaviour on the
descending branch).

· collapse is preceded by marked amplification of the
lateral displacement of the compressed flange;

· the limit point is reached at a load multiplier close
to µGMNIA

u ≃ 1.11;

· local yielding occurs in the region of maximum
lateral sway near the maximum load;

· the descending branch indicates an unstable post-
critical response and decreasing load-carrying ca-
pacity;

· the ultimate resistance is governed by the inter-
action between global lateral-torsional buckling,
geometric nonlinearity and local yielding;

Figure 37. Results from the geometrically and materially nonlinear
analysis: variation of stresses in the flange plates and the welded portion
of the web with load factor.

· although the linear buckling analysis correctly iden-
tifies the shape and scale of the instability phe-
nomenon, it overestimates the load level actually
attainable by the imperfect and materially nonlin-
ear system.

With reference to the ULS combination adopted as the
reference load vector, corresponding to µ = 1.00, the
global GMNIA verification is formally satisfied because:

µGMNIA
u ≃ 1.11 > 1.00.

The corresponding utilisation ratio may be expressed
as:

ηGMNIA =
1

µGMNIA
u

≃ 1

1.11
= 0.901 < 1.00.

The model capacity therefore exceeds the design load
level by approximately 11%. The modelled twin-girder
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system may therefore be regarded as satisfying the veri-
fication, but with a limited resistance margin: the con-
dition is close to the limit, although it does not coincide
with it. This conclusion assumes that the unit load vec-
tor fully represents the design ULS combination and
that the material properties used in the GMNIA are con-
sistent with the adopted design values. Omitting the
cross-ties removes their stabilising contribution from
the model and is conservative in this specific respect;
it does not, however, replace the additional local and
connection verifications.

The stress curve refers to a specific integration point
and must therefore be regarded as a local indicator of
the onset of yielding, not as a measure of the overall
extent of the plastic zones. Quantitative assessment
of the spread of yielding requires examination of the
equivalent stress and plastic strain contours over the
entire compressed flange, web and connection regions
adjacent to the diaphragms.

13.7. Selected comparisons for different prescribed
imperfection amplitudes

The results of the geometrically and materially nonlinear
analyses with initial imperfections (GMNIA), performed
by varying the prescribed lateral-torsional imperfection
amplitude, are reported below. In addition to the ref-
erence value eLT = 20mm, the following amplitudes
were considered:

eLT = 25mm, eLT = 30mm, eLT = 35mm.

Repeating the analysis for different values of eLT is not
intended arbitrarily to identify a more adverse config-
uration, but to assess the sensitivity of the numerical
response to one of the parameters having the greatest
influence in stability analyses. In a GMNIA, the initial
imperfection breaks the symmetry of the theoretically
perfect configuration, activates the unstable kinemat-
ics from the outset and affects both the development
of second-order effects and the progressive spread of
yielding. Its shape, direction and amplitude may there-
fore influence the apparent initial stiffness, the slope of
the load–displacement curve, the value of the ultimate
multiplier and the extent of the post-critical branch.
The need to examine several amplitudes also arises from
the very meaning assigned to imperfections in structural
calculations. The actual geometry of a welded girder
does not coincide with the nominal geometry of the
ideal model, but inevitably includes deviations caused
by fabrication and erection tolerances, welding-induced
distortions, local variations in flange and web straight-
ness, possible connection eccentricities and imperfect
positioning of transverse members. These geometric
defects are accompanied by structural imperfections,
among which the residual stresses generated by weld-
ing thermal cycles, non-uniform cooling, straightening
operations and the fabrication process more generally
are particularly important.

EN 1993-1-1 requires equivalent imperfections rep-
resentative of the effects of geometric and structural

Figure 38. GMNIA results for imperfections eLT = 25mm: displace-
ment analysis of the central portion of the top flange at the section of
maximum lateral sway.

Figure 39. GMNIA results for imperfections eLT = 25mm: von Mises
stress analysis of the web plates and the central portion of the top flange
at the section of maximum lateral sway.

imperfections, explicitly including residual stresses and
initial variations in straightness, to be considered in
global analysis. For members susceptible to lateral-
torsional buckling, Clause 5.3.4 of the same standard
further requires the adopted imperfection to be con-
sistent with the deformation associated with the buck-
ling phenomenon under consideration. For structures
formed from plate elements, Annex C of EN 1993-1-5,
devoted to finite-element analyses, specifies that the
imperfections introduced into the model must include
both geometric and structural components; where the
latter are not represented separately by an appropriate
residual-stress field, equivalent geometric imperfections
may be used to represent their combined effects [7, 8].

The imperfection used in the present study must there-
fore be interpreted as an equivalent geometric imperfec-
tion, not as an exact reproduction of a single measurable
defect in the steelwork. Since an initial residual-stress
field derived from the welding process was not intro-
duced separately into the model, the amplitude assigned
to the initial deformed shape also implicitly represents,
in simplified form, the adverse effects that such stresses
may have on stability and on the onset of yielding. The
parametric variation of eLT therefore makes it possi-
ble to verify whether the calculated capacity depends
strongly on a single assumption or whether the result
remains sufficiently stable over a plausible imperfection
range.



Lateral-torsional buckling of steel bridge girders 57

Figure 40. GMNIA results for imperfections eLT = 30mm: displace-
ment analysis of the central portion of the top flange at the section of
maximum lateral sway.

Figure 41. GMNIA results for imperfections eLT = 30mm: von Mises
stress analysis of the web plates and the central portion of the top flange
at the section of maximum lateral sway.

This approach is also consistent with the principles of
design assisted by finite-element analysis. EN 1993-1-5
requires the imperfection direction to be selected so as
to produce the lowest resistance and, where relevant,
possible interactions between global and local imper-
fections to be considered. More recent formulations
devoted to design by advanced numerical analysis also
distinguish between geometric defects introduced with
their physical amplitude and equivalent geometric im-
perfections, which are generally larger and incorporate
the effects of residual stresses and other structural im-
perfections. Consequently, adopting a single value of
eLT , although formally defined, does not completely
remove the uncertainty associated with the actual ini-
tial configuration; a parametric verification therefore
provides a useful robustness check.

From a mechanical standpoint, increasing the initial
imperfection amplitude progressively brings forward
the onset of second-order effects. For the same load
multiplier, the more highly deformed initial configura-
tion develops greater lateral sway and, consequently,
a more rapid increase in secondary actions associated
with structural deformation. This effect does not nec-
essarily imply an equally marked reduction in ultimate
capacity, because the latter depends on the interaction
between global deformability, stress distribution, devel-
opment of plastic strains and the redistribution capacity
of the system.

The results show that the four load–displacement

Figure 42. GMNIA results for imperfections eLT = 35mm: displace-
ment analysis of the central portion of the top flange at the section of
maximum lateral sway.

Figure 43. GMNIA results for imperfections eLT = 35mm: von Mises
stress analysis of the web plates and the central portion of the top flange
at the section of maximum lateral sway.

curves retain a substantially similar shape. In all cases,
an initial phase of progressively increasing lateral dis-
placement, attainment of a limit point and a subsequent
mildly descending branch can be identified. Thus, over
the imperfection range analysed, there is no clear evi-
dence of a change in the resistance mechanism; instead,
a quantitative variation in the response is observed, char-
acterised by increasing displacements and a moderate
reduction in the ultimate multiplier.

The maximum values inferred from the curves are
approximately:

µu ≃

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

1.11, eLT = 20mm,

1.10, eLT = 25mm,

1.08, eLT = 30mm,

1.07, eLT = 35mm.

Increasing the imperfection from 20mm to 35mm, i.e.
by 75%, therefore reduces the ultimate multiplier by
approximately 3 ÷ 4%. Sensitivity of the ultimate ca-
pacity to imperfection amplitude is thus present but
relatively limited. In particular, comparison between
eLT = 20mm and eLT = 25mm confirms that the two
results are close but not identical: the second model
exhibits a greater displacement at the design load level
and a slightly lower maximum multiplier.

A more evident difference is observed when compar-



Lateral-torsional buckling of steel bridge girders 58

ing lateral displacements at the design load level:

µ = 1.00.

Approximate values obtained by interpolation of the
numerical curves are:

DX(µ = 1.00) ≃

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

32mm, eLT = 20mm,

40mm, eLT = 25mm,

49mm, eLT = 30mm,

56mm, eLT = 35mm.

Relative to the reference model, the increase in lateral
displacement at the design load level is therefore approx-
imately 25% for eLT = 25mm, 53% for eLT = 30mm
and 75% for eLT = 35mm. The variation is nearly pro-
portional to the increase in the prescribed imperfection,
showing that the deformation response is substantially
more dependent on eLT than the ultimate capacity.

The comparison must refer to the total displacement
returned for the imperfect configuration. Since the
different analyses start from initial geometries char-
acterised by different amplitudes, part of the lateral
distance reached by the structure is directly attributable
to the prescribed imperfection, while the remainder re-
sults from load-induced amplification. Therefore, in
addition to the absolute value of DX , it may be useful
to consider the displacement increment relative to the
initial configuration:

∆DX = DX −DX,0.

This comparison makes it possible, at least in global
terms, to distinguish the effect of the greater initial de-
formation from the actual nonlinear amplification devel-
oped during load application. The substantial regularity
of the curves nevertheless indicates that increasing eLT
does not merely translate the configuration geometri-
cally, but progressively modifies the system response
through second-order effects.

A different trend is observed for the von Mises equiv-
alent stresses considered in the same control region. At
µ = 1.00, the curves give approximate values of:

σvM(µ = 1.00) ≃

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

280MPa, eLT = 20mm,

281MPa, eLT = 25mm,

282MPa, eLT = 30mm,

284MPa, eLT = 35mm.

The overall increase between the extreme values is there-
fore of the order of 4MPa, corresponding to approxi-
mately 1.5%. Within the accuracy permitted by reading
the graphs, the stress state in the monitored region
at the design level may therefore be regarded as only
weakly sensitive to imperfection amplitude. The in-
crease in eLT is manifested mainly through the global
kinematic response and only secondarily through in-
creased stress at the selected control point.

As summarised in Table 10 and Fig. 44, increasing
eLT therefore produces two effects of differing intensity.

Table 10. Approximate comparison of GMNIA results for varying lateral-
torsional imperfection amplitude.

eLT µu DX(µ = 1.00) σvM(µ = 1.00)
mm – mm MPa

20 ≃ 1.11 ≃ 32 ≃ 280
25 ≃ 1.10 ≃ 40 ≃ 281
30 ≃ 1.08 ≃ 49 ≃ 282
35 ≃ 1.07 ≃ 56 ≃ 284
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Figure 44. Sensitivity of the GMNIA response to lateral-torsional imper-
fection amplitude: lateral displacement and von Mises equivalent stress
at the load multiplier µ = 1.00. The values were obtained by graphical
interpolation of the numerical curves.

The first, clearly recognisable, is the increase in lateral
sway at the design level; the second is a progressive but
modest reduction in the ultimate multiplier. By contrast,
the equivalent stresses evaluated in the control region
remain almost constant up to µ = 1.00, indicating that,
before the limit point is reached, the greater imperfec-
tion is accommodated mainly through a change in the
deformed configuration.

The small variation in stress must not be interpreted
as an absence of imperfection effects. The reported
stresses refer to a specific integration point and a par-
ticular structural component; they do not necessarily
describe the complete stress distribution or the extent of
the yielded zones. A complete assessment therefore also
requires comparison of the stress contours, equivalent
plastic strains and distribution of second-order effects
along the girders and diaphragms.

The limited reduction in µu, together with the persis-
tence of similar load–displacement curves, suggests that,
within the range 20 ÷ 35mm, the ultimate capacity of
the system is not highly sensitive to imperfection ampli-
tude. The service or design-level response is neverthe-
less more sensitive in deformation terms. Consequently,
the choice of eLT may have a relatively modest effect on
the resistance assessment, but a more significant effect
on predicted displacements and interpretation of the
pre-critical evolution.

The results also confirm that the value eLT = 20mm,
adopted in the principal verification, does not identify
an isolated or numerically anomalous solution. Analyses
with larger imperfections produce a regular and mechan-
ically consistent family of responses, characterised by a
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gradual reduction in capacity and progressive increase
in displacements. The reference value may therefore be
regarded as stable with respect to moderate variations
in the prescribed amplitude, while recognising that a
model without an explicit residual-stress field cannot
uniquely identify the equivalent imperfection most rep-
resentative of the actual steelwork.

Finally, the parametric analyses are not intended to
identify an “exact” value of the actual imperfection,
which could be defined only from geometric surveys and
specific information on the fabrication process. Instead,
they delimit a response range, assess the robustness
of the result adopted in the principal verification and
separately identify the sensitivity of the ultimate capac-
ity, deformation response and stress state. Within the
analysed range, the quantity most affected by eLT is the
lateral displacement, whereas the ultimate multiplier
and stresses at the design level vary much less.

The results obtained for the successive larger imper-
fection values also confirm the adequacy of the initial
estimate of the characteristic length, taken as approxi-
mately Lb,eff = 5.5m and therefore conservatively con-
verted into the amplitude eLT = 20mm. The larger
imperfections considered in the study produce only a
limited reduction in ultimate capacity and do not alter
the identified resistance mechanism, showing that the
initial choice does not lead to a significant overestimate
of the structural response.

14. Conclusions

This work completes the programme begun in the first
part of the research, which was devoted to defining a
simplified procedure for estimating the lateral-torsional
buckling resistance of steel bridge girders. The proce-
dure was developed through statistical inference based
on comparison with a large set of results obtained using
the code formulation, with the objective of providing a
direct tool for preliminary sizing and stability checks. It
must not be interpreted as a substitute for the complete
verification required by EN 1993, but as a complemen-
tary method useful for rapidly estimating resistance and
providing an independent reference against which the
results of subsequent numerical analyses may be com-
pared.

The application developed in the final part of the
study has shown that the lateral-torsional buckling prob-
lem of a twin-girder deck cannot be reduced to a single
modelling level. The simplified procedure, the EN 1993
verification, the one-dimensional LTBeamN model and
the three-dimensional finite-element model describe dif-
ferent mechanical idealisations and provide complemen-
tary information. Differences between their respective
results must therefore not be regarded, in themselves,
as contradictory, but as consequences of the different as-
sumptions concerning restraint stiffness, transverse deck
deformability, the possibility of developing global twin-
girder system modes, and the presence of geometric and
material nonlinearities.

The comparison between LTBeamN and LUSAS was
particularly significant. With ideal torsional restraints
at a spacing of 9.60m in LTBeamN, while keeping the
geometry, cross-section, load distribution and end con-
ditions unchanged, the first critical multiplier was:

µLTBeamN
cr = 1.872.

In the LUSAS twin-girder model, in which the di-
aphragms have finite stiffness and the cross-bracing
was not represented, the corresponding value was:

µLUSAS
cr = 1.590.

The reduction in critical multiplier relative to the ideal-
restraint model is therefore approximately 15%. This
result confirms that diaphragm spacing is a significant
geometric scale for the buckling phenomenon, while
also showing that actual diaphragms cannot automat-
ically be treated as perfectly rigid torsional restraints.
The critical mode of the three-dimensional system in-
volves both girders and the transverse connections, al-
lowing global deformations that cannot be reproduced
by the idealised single-girder model.

The nonlinear analyses further highlighted the deci-
sive role of geometric imperfections, second-order ef-
fects and local yielding. The GMNIA gave an ultimate
multiplier of approximately:

µGMNIA
u ≃ 1.11.

The modelled system therefore satisfies the verification
for the adopted design combination because:

µGMNIA
u > 1.00.

Expressed as a utilisation ratio, the verification gives:

ηGMNIA =
1

µGMNIA
u

≃ 0.90.

The resistance therefore exceeds the design load level,
but with a limited margin. The system may be regarded
as verified close to the resistance limit, because the
maximum point on the load–displacement curve is as-
sociated with marked amplification of lateral sway and
attainment of equivalent stresses close to yielding in the
most highly stressed region of the top flange and adja-
cent web. The subsequent appearance of a descending
branch confirms that the loss of capacity is governed by
the interaction between global lateral-torsional buckling,
geometric nonlinearity and local yielding. This result
must nevertheless be interpreted in light of the fact
that the FEM model did not include the cross-bracing
arranged in the top- and bottom-flange planes. In the
actual configuration, this bracing divides each 9.60m
interval between consecutive diaphragms into two fields
of length 4.80m. Its omission reduces the lateral and
torsional stiffness of the modelled system and permits
larger global deformations than would presumably be
compatible with the complete structural configuration.

Adopting cross-bracing diagonals in the top- and
bottom-flange planes may therefore increase the effec-
tiveness of the restraint system, limit lateral-torsional
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Analysis method Load multiplier

Linear eigenvalue buckling analysis (LBA) 1.590
Geometrically nonlinear analysis with imperfections (GNIA) 1.495
Geometrically and materially nonlinear analysis (GMNIA) ≃ 1.110

Table 11. Summary of results obtained using the different levels of numerical analysis.

deformation and increase the ultimate capacity of the
deck. Under this assumption, the value:

µGMNIA
u ≃ 1.11

obtained from the model without diagonals may rea-
sonably be interpreted as a conservative lower-bound
estimate of the capacity of the actual braced configura-
tion. This conclusion must not, however, be understood
as an automatic quantification of the resistance increase
produced by the bracing. Its actual stabilising effec-
tiveness depends on the axial stiffness of the diagonals,
connection deformability, construction clearances, the
ability to transfer actions at the nodes and any tension-
only behaviour of the crossed members. Quantitative
assessment would therefore require explicit modelling
of the bracing and its connections.

A general result of particular importance concerns
the difficulty of identifying, using a single finite-element
software package, the most plausible equilibrium con-
figuration representative of actual behaviour. Buckling
problems involving three-dimensional structures may
exhibit local, distortional and global modes with closely
spaced eigenvalues. The first mode returned numeri-
cally is not necessarily the most relevant for design, nor
can the eigenvalue be interpreted separately from the
corresponding deformation kinematics. Selection of the
significant mode therefore requires examination of the
mode shape, half-wave distribution, boundary condi-
tions, connection deformability and actual structural
arrangement.

Model complexity alone does not guarantee greater
reliability of the result. As the number of elements,
degrees of freedom and introduced nonlinearities in-
creases, so too does the number of possible equilibrium
configurations and sources of uncertainty. The conclu-
sions may depend on discretisation, assigned restraint
properties, the shape and amplitude of the initial imper-
fections, the material constitutive law, the incremental
strategy and the numerical convergence criteria. For
this reason, FEM analysis must always be accompanied
by independent checks and mechanical interpretation
of the results.

The practical significance of the work therefore lies
in organising a verification process comprising succes-
sive and mutually comparable levels. The simplified
procedure permits direct preliminary assessment; the
EN 1993 formulation provides the code reference for
the individual member; LTBeamN allows the elastic be-
haviour of the girder under specified restraint conditions
to be checked; and LUSAS allows the three-dimensional
system, diaphragm deformability and the combined ef-

fects of geometric and material nonlinearities to be anal-
ysed.

The combined use of these tools reduces the risk of at-
tributing general validity to the result of a single model
and makes the physical meaning of the observed dif-
ferences clearer. From this perspective, the procedure
proposed in the first part of the article also serves as an
independent check on the numerical model: not only
as a simplified calculation method, but also as a useful
reference for identifying anomalous results, excessively
rigid assumptions or poorly representative modal con-
figurations. The final comparison between the different
analysis levels must account for the different mechani-
cal meaning of the resulting multipliers. Linear eigen-
value buckling analysis identifies the factor at which the
ideal system loses elastic stability and the correspond-
ing mode shape; however, it does not consider initial
imperfections, progressive modification of the structural
configuration or material yielding. The associated crit-
ical multiplier therefore generally provides an upper
estimate of the capacity of the actual system.

By contrast, the geometrically nonlinear analysis of
the imperfect configuration allows the complete evo-
lution of displacements and second-order effects to be
followed. It does not directly return a critical eigen-
value, but allows attainment of the limit condition to
be recognised by examining the equilibrium path, the
load–displacement curve and amplification of lateral-
torsional deformation. Since the material remains linear
elastic in this analysis, the stresses may formally ex-
ceed the yield strength without corresponding plastic
redistribution.

GMNIA represents the most complete level of analy-
sis among those considered, because it combines initial
imperfections, geometric nonlinearity and material non-
linearity. Separate comparison of the different formu-
lations nevertheless remains essential, because it iden-
tifies which phenomenon has the greatest influence on
the structural response. In the case examined, moving
from eigenvalue analysis to GNIA reduces the multiplier
from 1.590 to 1.495, i.e. by approximately 6%; whereas
introducing material nonlinearity leads to an ultimate
value of approximately 1.11, with a further reduction of
nearly 26%. Although the effects cannot be rigorously
separated because of their interaction, these results indi-
cate that, for the configuration analysed, local yielding
has a more pronounced influence than geometric effects
alone. The summary in Table 11 therefore shows that
eigenvalue analysis is indispensable for identifying the
buckling mode and providing an initial reference for
elastic capacity, but cannot be used alone as a measure
of ultimate resistance. GNIA assesses the influence of
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imperfections and second-order effects, while GMNIA
also describes the progressive loss of stiffness associated
with yielding and follows the equilibrium path up to
the limit point and along the subsequent post-critical
branch. In accordance with the approach adopted in
the LUSAS technical documentation, carrying out the
three analyses separately therefore does not duplicate
the calculation, but provides a diagnostic tool for un-
derstanding the source of the capacity reduction and
checking the mechanical consistency of the numerical
solution.

✓ Observations

The GMNIA analyses indicate that, for the mod-
elled configuration and the adopted construction-
load combination, the two steel girders formally
satisfy the Ultimate Limit State verification, since
an ultimate multiplier greater than unity is ob-
tained in every case (µu > 1.00). This conclusion
refers exclusively to the numerical model devel-
oped and to the assumptions adopted for loads,
restraints, material properties and equivalent ge-
ometric imperfections introduced in the analysis.
The verification therefore concerns the global
stability and resistance of the twin-girder system
during the construction stage considered and
does not replace any required local verifications
of individual construction details, such as con-
nections, diaphragms, stiffeners, bearings, welds
or local phenomena not explicitly represented in
the finite-element model.
It should also be emphasised that the numer-
ical model does not include the cross-bracing
arranged in the top- and bottom-flange planes.
Its presence in the actual configuration may rea-
sonably be expected to increase the lateral and
torsional stiffness of the deck and, consequently,
its overall resistance to lateral-torsional buck-
ling. The results may therefore be interpreted as
conservative relative to the behaviour of the com-
plete structure, although the benefit provided by
the bracing cannot be quantified directly without
modelling it explicitly.

In conclusion, lateral-torsional buckling of steel
bridge decks must be treated as a problem in which
resistance depends not solely on the properties of the
individual cross-section, but on the interaction between
global geometry, bracing systems, diaphragm stiffness,
imperfections, yielding and actual boundary conditions.
No single model can represent the entire phenomenon
without uncertainty. The reliability of the assessment
therefore derives from critical comparison of indepen-
dent methods, consistency of the adopted assumptions
and the designerś ability to relate the numerical result
to the actual mechanical behaviour of the structure.

15. Traceability of the REV3 statistical cam-
paign

The statistical campaign is reproducible using the
Python scripts, intermediate data and audit records
included in the supplementary package. The final
version is identified as:
REV3_FIXED_THIRDS_A09_gammaM1_1.10_M3_DOMAIN.
The population comprises 9888 accepted cross-sections,
61 values of Lb and three static identifiers equivalent
for the purposes of the coefficient rule, giving a total of
1809504 statistical records and 603168 independent
physical combinations.

The final training/test split is grouped using the field
split_group_id, defined at geometry_id level; no ge-
ometry therefore appears in both subsets. The compact
model is verified row by row, while the dimensionless
design charts are checked by propagation over the com-
plete population of physical combinations. No under-
estimations relative to the exact formulation, no cases
with ρ < 1.000, and no exceedances of the pointwise
limits 1.150 in the frequent domain and 1.2075 in the
boundary domain were found. Coefficients, predictions,
summaries, monotonicity checks and file checksums are
retained in the release package.

The supplementary material also includes the me-
chanical and EC3 populations, the shared core of the
compact formula, the operational evaluator, vector PDF
plots, PNG copies and the numerical CSV sources of the
figures. The graphical representations are generated
directly from the final results and contain no manual
corrections or undocumented smoothing.
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Links to shared software and supporting
material

The authors are pleased to make available several
tools developed in support of the theoretical frame-
work adopted in this study for the assessment of lateral–
torsional buckling during the construction stage in ac-
cordance with EN 1993. These comprise a spreadsheet
for the verification of welded monosymmetric sections,
with or without longitudinal stiffeners arranged symmet-
rically about the web, and a spreadsheet for the verifica-
tion of rolled sections selected from a database of com-
mercially available profiles, with the option of including
longitudinal stiffeners. The spreadsheets automatically
determine the section properties and classification, in-
cluding the effective properties of Class 4 sections, the
elastic critical moment Mcr, the non-dimensional slen-
derness λLT , the reduction factor χLT and the design
buckling resistance Mb,Rd, accounting for restraint con-
ditions, the bending-moment diagram, warping, the
height of load application and monosymmetry.

In both Excel workbooks, the torsional and warping
properties are determined using the formulae adopted
for welded monosymmetric sections, consistent with the
mechanical model used for verification in accordance
with EN 1993. This includes the automatic calculation
of the Saint-Venant torsion constant It, the position of
the shear centre and the monosymmetry parameter zj ,
which are employed in evaluating the elastic critical
moment and assessing lateral–torsional buckling.

The standalone application:

LTB_simplified_design_app.exe

is also provided. It performs the complete verification in
accordance with EN 1993 for cross-sections of Classes 1,
2, 3 and 4. For Class 4 sections, with or without lon-
gitudinal stiffeners, it determines the effective section
properties in accordance with EN 1993-1-5. By con-
trast, the statistical parametric procedure provides re-
sults only for configurations falling within its calibra-
tion domain, which comprises welded steel–concrete
composite bridge decks with two or three main girders.
Other geometries are addressed exclusively through the
general EN 1993 verification module.

Note. No registration is required to download the mate-
rial from the following link:

http://www.sigmundcarlo.net/public/shared_
CAB.zip

https://www.gpingegneria.com/
https://www.alhambraingegneria.it/
http://www.sigmundcarlo.net/public/shared_CAB.zip
http://www.sigmundcarlo.net/public/shared_CAB.zip
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